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Abstract

From the fundamental theorem of homomorphisms, it is well known that any homomorphism of groups (or
rings, or modules, or vector spaces and of general universal algebras) can be decomposed as a composition of a
monomorphism and an epimorphism. This paper provides the uniqueness of such decomposition up to the level

of associates in the case of general universal algebras
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1. Introduction

It is well known that, if f:G — G is a homomorphism of groups (or rings or modules) the quotient group
G/kerf is isomorphic to the image of f which is a subgroup of the codomain group G'. This isomorphism g is
simply induced by f, in the sense that, g can be defined by g(a + ker f) = f(a) for any coset a + kerf,a €
G Also, we have the natural epimorphism h: G — G/kerf’ defined by h(a) =a +kerf foralla€eg. In

other words, we have a decompositionf = g o h;where g is a monomorphism and h is an epimorphism. This is
known as the Fundamental Theorem of Homomorphisms [3, 11].This result can be extended to any
homomorphism f: A — A’ of universal algebras of the same type by considering the binary relation 8 on the

domain algebra A defined by,

6 ={(a,b) e AxA: f(a) = f(b)}
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G/ ker f

Figurel: Decomposition of homomorphism of groups

and the quotient algebra A/g. In the general case of universal algebras, this 6 is defined as the kernel of f and is

actually a congruence relation on the domain algebra A and A/g is the set of all congruence classes of elements

of A corresponding to 6 [8]. In the familiar cases of homomorphisms of groups (or rings or modules) the kernel
of fis a normal subgroup (or an ideal or a submodule respectively) of the domain and the congruence classes are
precisely the cosets of the conventional kernels [5, 9, 10]. In all these cases there is an order isomorphism of the
set of normal subgroups(or ideals or submodules) onto the set of congruence relations on the domain algebra. In
this scenario, we can say that any homomorphism f of algebras of any type can be decomposed as a composition

of a monomorphism and an epimorphism.

It is natural to question ourselves that, is this decomposition done uniquely in one way? Of course not in one and
only one way and this paper provides the uniqueness of such a decomposition of homomorphismsupto the level

of associate in the case of homomorphisms of general universal algebras.
2. Method/Approach

Let A and B be algebras of a given type F and let f: A — B, be any homomorphism. Let us consider the binary

relation Ky defined by:
Ke ={(x,y) € AxA: f(x) =f(»)}

Then K, becomes a congruence relation on A [6, 11]. Also, the natural map h: A - A/Kf' defined by h(a) =
Kr(a), the congruence class of a corresponding to K, is an epimorphism and the function g: A/Kf - B,
defined by g (Kf(a)) = f(a) forall a € A, is a monomorphism. Now, we have the decomposition f = g o h.

To discuss about the uniqueness of the monomorphismg and the epimorphismh in this decomposition,we first
define the notion of an associate of a homomorphism of algebras and then we prove the uniqueness of such a

decomposition upto the level of associates; that is, , iff can be decomposed in two ways as f = goh and

f =g'oh’, where g and g’ are monomorphisms and h and h' are epimorphisms then we will prove that
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g~g'and h~h'. This says that, the decomposition of a homomorphismf as a composition of amonomorphism
and anepimorphism is unique upto associate. In this vein we generalize and unify all the fundamental theorems

of homomorphisms and isomorphisms.

3. Preliminaries
3.1. Definition of Algebras

Definition 3.1.1. Fora nonempty set A and a nonnegative integer n, we define A° = {@}, and for n > 0, A™is
the set of n-tuples of elements from A. An n — ary operation (or function) on A is any function f from An to A;
n is the arity(or rank) of f. A finitaryoperation is an n- ary operation, for some n. The image of (a,,a,, ...,a,)
under an n —ary operation fis denoted by f(a;, a,, ..., a,).An operation fon Ais called a nullaryoperation (or
constant) if its arity is zero; it is completely determined by the image (@) in A of the only element @ in A°, and
as such it is convenient to identify it with the element f(@). Thus a nullary operation is thought of as an element

of A. An operation fon A is unary, binary, or ternary if its arity is 1, 2, or 3, respectively. [1]

Definition 3.1.2. A type (or language) of algebras is a set F of function symbols such that a nonnegative integer
nis assigned to each member fof F. This integer is called the arity (or rank) of f, and fis said to be an n —ary

operation symbol. The subset of n —ary function symbols in F is denoted by F,.[1]

Definition 3.1.3. If F is a type of algebras then an algebra A of type F is an ordered pair (4, F) where A is a
nonempty set and Fis a family of finitary operations on A indexed by the language F such that corresponding to
each n —ary function symbol fin F there is an n —ary operation f4 on A. The set A is called the universe (or

underlying set) of (4, F), and the f4’s are called the fundamental operations of A.[1]

If F is finite, say F = {fi,f> ---, fi}, we often write (4, fi,fs, ..., fx)for (A, F), usually adopting the

convention:
arity f; = arity f, =--- = arity f.
3.2. Homomorphisms of Algebras

Definition 3.2.1: Let A and B be algebras of a given type F. A mapping a: A — B is called a homomorphism, if
the following are satisfied. [1, 4 &7]

i If f € F is a nullary operation symbol, then a(f4) = f5

ii. If f € F isann-ary operation symbol,n > 0 and a,, a,, .....a, € 4, then

a(f4(ay, ay, .....ay) = f8(a(ay), alay), ... ... ,a(ay))

Theorem 3.2.1: Let A, B and C be algebras of a given type F. Let a: A —» B and 8: B — C be homomorphisms.

Then Boa: A — C is also a homomorphism [7].
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Proof: Let f € F be a nullary operation symbol. Then
Bea(f*) =Bla(fh)
= B(fB) (* ais a homomorphism)
= f¢ (- Bis a homomorphism)
Letf € F be an n-ary operation symbol, n > 0 and a,, @y, .....a, € A. Then,
Boa(f4(ay,ay, .....a,) = Bla(f4(ay, ay, .....a))
= B(fB(a(ay), a(ay), ...,a(ay))) (~+ ais a homomorphism)
= fe(B(a(a) , B(a(az)), ... fa(an)))
(~~ Bis a homomorphism)
=fCBoala),Boalay), ......poala,))
Therefore, Boa: A — Cis also a homomorphism.

Definition 3.2.2: Let A and B be algebras of a given type F and a: A — B be any function. Then

i a is called a monomorphism, if it is an injective homomorphism.
ii. a is called an epimorphism, if it is a surjective homomorphism.
ii. a is called an isomorphism, if it is a bijective homomorphism.[1, 6& 7]

3.3. Congruence Relations

Definition 3.3.1: Let A be an algebra of type F and 6 be an equivalence relation on A. Then 6 is said to be a

congruence relation on A, if the following is satisfied for any a,, a, .....a,, by, b, .....b, € A,

If (ayb1),(@zh2), v eeenn, (@ by) €6, f € Fis an n-ary operation symbol and n > 0then
(FA(ay, ag o @y), fA(by, by, by)) €0.[L,2, 6&7]

In other words, a congruence relation is an equivalence relation on an algebraic structure (such as groups, rings

or vector spaces and of general universal algebras) that is compatible with the structure.
In the next two theorems we will observe that kernels of homomorphisms and congruence relations are same.
Theorem 3.3.1: Let A and B be algebras of a given type F. Let a: A - B be a homomorphism. Then kernel of

a defined by;kera = {(a,b) € Ax A: a(a) = a(b)} isa congruence relation on A. [1, 2, 6]
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Proof:Put 6 = kera. Then it is clear that, 0 is an equivalence relation on A.

Now, for any ay, @,, ..... @y, by, by, .....by € A, let (ay by), (azbs), o ., (an bn) € 6 and let f € F be an n-

ary operation symbol and n > 0, then a(a;) = a(b;) for all 1 <i<n.
Therefore,
a( fAay,az, ....ay)) = fB(alay), alay), ... .. ,a(ay)) (++ ais a homomorphism)
= fB(a(by), a(by), ... ... ,a(by))
= a(fA4(by, by, ..... b)) (+ ais a homomorphism)
Thus, (f4(ay, az, ... an), f4(by, by, ... b)) € ker @ = 6 and hence, ker a is a congruence relation on A.

Theorem 3.3.2: Let A be an algebra of typeF and 6 be a congruence relation on A. Then there exists an

algebra B of type F and a homomorphism a: A — B such that 8 = ker a. [2]

Proof: Put 8 = kera ={(a,b) e AxA: a(a) = a(b)} and let A/e = {6(a):a € A} be the quotient of A

over 6, where 6 (a) = {b € A: (a,b) €8 }. Then A/H is an algebra of the given type F.

Now consider a natural epimorphisma: A — A/Qdefined by a(a) = 0(a) forall a € A.
Then,
kera ={(a,b) €eAXA : ala) = a(b)}

={(a,b) EAXA : 8(a) =06(b)}

={(a,b) e AXA :(ab) €6}

Therefore, the required algebra and a homomorphism are A/g and a suchthatkera = 6. m

Now, from the above two theorems we observe that, kernels of homomorphisms from an algebra A and

congruence relations on A are the same.

4. The Updated Fundamental Theorem of Homomomorphisms of General Universal Algebras

4.1. An associate of a Homomorphism of General Universal Algebras

Definition 4.1.1: Let A,B,C and D be algebras of a given type F. Letg:A - B and h:C - D be
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homomorphisms. Then gis said to be an associate of h, if there exist two isomorphisms a: C - A and $:D —

Bsuch that, the diagram

h

Figure 2: An associate of a homomorphism
is commutative; in the sense that, g o a = Boh.

Remark: Following the above definition we can observe that the binary relation “~” forms an equivalence
relation on the class of all algebras of a given type. Furthermore, if any two homomorphisms are given to be an
associate to each other, then we can draw the properties of a homomorphism like injectivity, surjectivity and

bijectivity which is held in one of the two associate homomorphisms to the other.
4.2. The Updated Fundamental Theorem of Homomorphisms of Algebras

Theorem 4.2.1(The Updated Fundamental Theorem of Homomorphisms of Algebras): Let A and B be

algebras of a given type F and w: A — B be a homomorphism. Then,

1.  There exists an algebra X of the given type F, an epimorphism h: A - X and a monomorphism
g:X — B such that;

m=goh (ie.m(a)= geoh(a)foralla € A)

This property is known as decomposition of homomorphisms and

2. This decomposition is unique upto associate; in the sense that, if t =goh and m = g’ o h’ are two
decompositions of = where X and Y are algebras of the given type F, h:A —» Xand h':A—>Y are

epimorphisms and g: X — B and g’:Y — B are monomorphisms, then g~g'and h~h'.
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Proof:

1. Put 8 =kerm={(a,b) € AXA : w(a) =m(b)}. Then it is clear that A/G = {06(a):a € A}, the
quotient of A over 6, is an algebra of the given type F. Now consider a natural epimorphism a:A4 —
A/ defined by a(a) = 8(a) for all a € A and a monomorphism g:4/, - B defined by g(6(a)) = n(a)

forall 6 € A/g,a € A. Then, forany a € A consider,

g h(a) = g(h(@))
=g(8(®) (by the definition of h)
=mn(a) (by the definition of g)
Thus,g o h = m is the required decomposition of .

2. Now we prove the uniqueness (upto associate) of the above decomposition.Suppose that T = g o h and
m =g oh are two decompositions of = where X and Y are algebras of the given type F, h: A - Xand

h': A - Y are epimorphisms and g: X — B andg’: Y — B are monomorphisms.

Claim 1:- h~h' (h and h’ are associate to each other) and g~g’

A 4

S
A
\j

oo}

Figure 3: Two decompositions of «

Now consider the identity map I, on an algebra A, which is an isomorphism. On the other hand since h: 4 — Y

is an epimorphism, every element of Y can be expressed as h’(a) for some a € A. Define a:Y —» X by:

aOﬂ@)=h@ﬁmle@)erMmaeA

Then we prove that:

a) a is well defined; for,
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For any y;, y, € Y there exists a, anda,€ A such thaty, = h'(a,) and y, = h'(ay)
Therefore,
v, = y, = h'(ay) = K'(ay)inY

= g'(h'(a) = g'(h'(a;)) inB
= g'oh'(a,) = g °h'(ay)inB
= f(a1) = f(az)inB («f=g'°h)
= g h(a;) = g °h(ay) inB (~f=ge°h
= g(h(ay)) = g(h(az))inB
= h(a,) = h(a,) inX (*+ g is an injection)

Therefore, «a is well defined.

b) «a is an injection; for,

Let y, = h'(a;) and y, = h'(a,) € Y for some a, anda, € A. Then

a(yy) = a(y,)inX = a(h'(al)) = a(h'(az)) inX
= h(a,) = h(a,) inX (by the definition of a)
= g(h(ay)) = g(h(a,))inB
= goh(a;) =g-oh(a,)IinB
= f(a,) = f(az)inB (“f=ge°h)
= g oh'(a) =g o' (ay)inB (~f=g'°h)
= g'(h'(a)) = g'(h'(ay) inB
= h'(a;) = h'(a,) inY (+ g'is an injection)
=y, =y,inY

Therefore, «a is an injection.

68



American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2014) Volume 10, No 1, pp 61-73

C) a isasurjection; for,
x €X = x=h(a)forsomea € A (+ his a surjection)
= x = a(h'(a))for some a € A, where h'(a) € Y
= x = a(y)forsome y € Y, where y = h'(a)
Therefore, a is a surjection.
d) a is a homomorphism; for,
Let f € F be a nullary operation symbol. Then f¥ € Y and f4 € A.

Since h'"is a homomorphism, we have h'(f4) = fY.

Therefore,
a(f) = a(h'(f)
= h(f% (by the definition of a)
= fX (+ his a homomorphism)
Also, Let f € F be an n-ary operation symbol,n > 0and y;,y,, ... ....., ¥, € Y. Then since k' is an epimorphism,

there existsa,, a,, .....a, € A, suchthaty; = h'(a;) forall 1 <i < n and hence,

a(fY 1, Y2 e yn)) = a(fY (R'(ay), R'(@z), e e, R(@)))

a(h'(f4(ay, az, .....a,))) (*+ h'is a homomorphism)

h(f4(ay, az «..a))
= fX(h(ay), h(ay), ... h(a,)) (~ his a homomorphism)
= f¥(a(h'(ay), a(h'(ay)), ... a(h'(a,)))
= f¥(a@1), a(y2), ... a())

Therefore, a is a homomorphism.

Thus, By the results in (a), (b), (c) and (d) we get that « is an isomorphism.

Now, forany a € A, consider,
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aoh'(a) = a(h'(a))

= h(a) (by the definition of a)
= h (4(a)) (~ I,is an identity map on A)
= hol, (a)

Therefore, aoh’ = hol, and hence h ~ h' (or h and h'are associates).

Claim 2:- g~g' (or g and g'are associates)

h' e

Y
A

Figure 4: Two decompositions of «

From claim (1) we have, the identity map I, on the domain algebra Aand a:Y — X, which is defined by
a(h'(a)) = h(a) for all h'(a) € Y where a € A, which are isomorphisms. Also, consider the identity map I

on B which is also an isomorphism.

Since h': A — Y is an epimorphism and hence a surjection, for any y € Y, there exist a € A4 such that y = h'(a).

Then consider,

Iy ° g'(y) = Izog'(h'(a)) inB
= I3(g (1 (@) )inB
= g/(h'(@))inB
=g'oh'(@)inB

= f(a) inB
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=g °h(a)inB (~f=g°h
= g(h(a))inB
= g(a(h'(a)))inB (by the definition of a)

=goa(h'(a))inB
=g o a(y)inB (~y=h(a))
Therefore, Iz o g' = g ° a.

Thus, we have two isomorphisms, Iy on B and a: Y — X satisfying that, the diagram;

Y 4 > B
(#4 IB
v v
X 2
g

Figure 5: Associate homomorphisms g and g’
is commutative; that is, Iy o g’ = g o a. Therefore, g~g (or g and g’are associate). m

Corollary 4.2.1:Let A and B be algebras of a given type F and m: A — B be a homomorphism. Letm = goh

be any decomposition of = where h: A — X is an epimorphism and g:X — Bisa monomorphism for some

algebra X of the given type F. Then there exist an isomorphism of X onto the quotient algebra A/Kern .

Proof: Put 8 =kerm = {(a,b) € Ax A : n(a) = m(b)}. Considering the natural epimorphismh’:A4 — A/g
defined by h'(a) = 8(a) forall a € A and a monomorphism g A/g — Bdefined by g'(8(a)) = f(a) for all
6(a) € A/e, a € A, we get another decomposition m = g’ h'. Then, by the uniqueness of decomposition of

homomorphisms of algebras, we get an ismorphism; a: X — A/g
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h

A
/kerr{

Figure 6: Two decompositions of 7
suchthat, ach=h'andg ca=g. m
5. Conclusion and Recommendation

On the basis of the Updated Fundamental Theorem of Homomaorphisms of General Universal Algebras which is
formulated and proved in this paper, we can conclude that any homomorphism of algebras of a given type can
be decomposed as a composition of a monomorphism and an epimorphism and this decomposition is unique
upto associate; in the sense that, if a given homomorphism m of algebras of a given type can be decomposed in
one way as T = g o h where g is a monomorphism and h is an epimorphism, and if = can also be decomposed

!

in another way as m = g’ o h’ where g’ is a monomorphism and A’ is an epimorphism then we get that g~g’ (or
g and g’ are associate to each other) and h~h' (or h and h' are associate to each other). We say that two
homomorphismsg and h of algebras of a given type are associate to each other, if there exists two
isomorphismsa and B such that; goa = o h. Since @ and S are isomorphisms and hence invertible it is
equivalently saying that one can be expressed as a composition of the other and two isomorphisms; that is,
gea=Bohe g=Fohoa o h=81ogoa. It follows from this definition that, two associate
homomorphisms have different properties in common such as: one of the two associate homomorphisms is an
injection (respectively a surjection and a bijection) if and only if the other is an injection (respectively a
surjection and a bijection). Moreover, their domain (respectively codomain) are isomorphic to each other. It is
finally recommended that it needs additional researches on the class of associate homomorphisms of algebras of

a given type to identify and characterize in a more general way.
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