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Abstract

In the present paper we introduce a K" - generalized birecurrent space which characterized by the condition
Kjikmmm = A I(}kh'm + by, Kj"kh ,K}kh # 0, where 4, and b,, are non-zero covariant vector fields and
covariant tensor field of second order, respectively. This space satisfies the condition of affinely connected

space called K™ - generalized birecurrent affinely connected space.
Keywords: Finsler space; K" — Generalized birecurrent space; Ricci tensor.
1. Introduction

H. D. Pande and B. Single [4] discussed the recurrence property in an affinely connected space. P. K. Dwivedi
[7] worked out the role of P* - reducible space in affinely connected space. A. A. M. Saleem [2] obtained some
results when the C" - generalized birecurrent and C" - special generalized birecurrent are affinely connected
spaces. A. A. A. Muhib [1] obtained some results when R"- generalized trirecurrent and R" - special
generalized trirecurrent are affinely connected spaces. M. A. A. Ali [5] obtained certain identities in a K" -

birecurrent affinely connected spaces. N. S. H. Hussien [6] obtained certain identities in a K™ - recurrent

affinely connected spaces.
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Let E, be an n-dimensional Finsler space equipped with the metric function a F(x,y) satisfying the request

conditions [3].
The vectors y; , y* and the metric tensor g;; satisfies the following relations
(11) a) yl|k =0 and b) gij|k =0 y

The h — covariant differentiation with respect to x ¥, commute with the partial differentiation with respect to y’/

according to

12) a) 9;(x) - (6in)|k = x"(9;T%%) — (0, XY P},
where

(12) b)) Pi:=(OTH)y" = T »"

The tensor K/, is called Cartan's fourth curvature tensor which is skew-symmetric in its last two lower

indicesk and h , i.e.

(1.3) Kb = = K fu-

The associate tensor K ;, Of the curvature tensor K}'kh is given by
(1.4) Kijkn 3= 8rj Kikn-

The Ricci tensor K j; of the curvature tensor K}kh is given by

(1.5) Khi =K.

The curvature tensor K }kh satisfies the following relations too

(1.6) Kjikh yj = Hkih

and
(I7)  Hjn = Kjw = Pin + Pikc Pra— h/k.
Berwald curvature tensor I-Ijikh satisfies the relation

(1.8) Hiin v/ = Hiy

and
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where H }, called h(v) — torsion tensor.

Also, satisfies bianchi identity

(1.10) @) Hjp + Hijp+ Hipj =0

and it is skew- symmetric in its last two lower indices, i.e.

(1.10)  b) Hjip = = Hypy.

The deviation tensor H}, is positively homogeneous of degree two in y ¢ and satisfies
(1.11) Hi y" = H},

(1.12) Hje = Hiy

(1.13) H, = H},

and

1 .
(114)  H=— H,

-1

where H;,and H are called h-Ricci tensor and curvature scalar, respectively. Since contraction of the indices
does not affect the homogeneity in y?, hence the tensors H,,, H, and the scalar H are also homogeneous of

degree zero, one and two in y?, respectively.
The associate tensor H;j,, of Berwald curvature tensor jfm is given by
(1.15) Hijin = 8rj Hixn-

The contraction of the indices i and j in (1.10a) and by using (1.12) and the skew-symmetric property of the

curvature tensor Hj‘fkh in the last two lower indices, shows that the h — Ricci tensor satisfies
(1.16) Hiyn = Hpie — Hyep.-

The tensor Hjy ;. defined by

(1.17) Hjn i = ginHji

Cartan's fourth curvature tensor Kj,"ch satisfies the following identity known as Bianchi identity
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(1.18) Kiene + Kien + Kinepe + Y {(0T 56 )Kne + (05T ) Koen +

(5srj71i)Krsfk} =0.

A Finsler space whose Berwald's connection parameter G]-ik is independent of y! is called an affinely connected

space (Berwald space ). Thus, an affinely connected space has some properties as follows:

(1.19) Gin=0
and
(120) Cijk|h= 0 .

The connection parameters I' ]-*,i of Cartan and G]-ik of Berwald coincide in an affinely connected space and they

are independent of the direction arguments [3], i.e.

(1.21) Gin = 0;Gen = 0
and
(1.22) o;Tih =0.

N. S. H. Hussein [3] introduce the K"-recurrent space which characterized by the condition

(1.23) Kiente = A Kien Kjin # 0,
where the covariant vector field A, being the recurrence vector field.

2. An K" — Generalized Birecurrent Space

Let us consider a Finsler space F, whose Cartan's fourth curvature tensor K]-ikh satisfies the condition

(2.1) Kjikhlﬂm: lel(jikmm + bom Kfin» Kfn #0,

where 1, and b,,, are non-zero covariant vector field and covariant tensor field of second order, respectively.
The space satisfying the condition (2.1) will be called K"-generalized birecurrent space. We shall denote it

briefly by K"~ GBR-F, .
Transvecting (2.1) by y/, using (1.1a) and (1.6), we get

(2.2) Hlfthlﬂm = At’Hlichlm + by Hiyp -
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Theorem 2.1. In K"~ GBR- F,, the h(v)- torsion tensor H}, is generalized birecurrent.
Differentiating (2.2) partially with respect to y/ and using (1.9), we get
(2.3) ajHIfth|{’|m = (ajAI)HIiMm + Af’aj(HIfthlm) + (aj bem)Hin + bem jikh'
Using the commutation formula exhibited by (1.2a) for (Hzihw) and (H},) in (2.3) and using (1.9), we get
(2.4) {0 (Hini) Ym + Hienge(0;T4) = Hynje (9T i) — Hicr12(0; T
- Hlich|r(éjF;17;1) - ar(Hlih|€ )1317‘;11 = (0,2 )Hlich|m + A, H]'ikh|m +
A [ Hign(0;T730) = Hpn(9iTim) = Hir (0T ) = HponPin 1+
(0;bem )Hin + b Hen-
Again applying the commutation formula exhibited by (1.2a) for (H%, ) in (2.4) and using (1.9), we get
{ Hjnjo+ Hin(9;172) = Hn(0;T7) = Hir (0;T37) = Hyxn Py Yy
+ Hi?hw(ajr:rin) - H‘ihw(ajrl:rrn) - Hiir|f(ajrﬁrrn) - Hlichl'r(ajrggl
{ e + Hin(0,750) — Hen (0:T7) — Hics (0:T33) — Hien Py } P
= (07, )Hlichlm + e Hjikh|m + A [ Hpp(9;175) — HL, (9,170,
—Hi (0;Thm) — HinPin 1+ (8; bem )Hip + by en
which can be written as
@5 Hiuam + (Hin (077 ~ HAO)T55) — H (0,137) — HianPR) +
Hi?hw(ajr:rin) - H‘ih|€(ajr;;rn) - Hiir|f(ajrﬁrrn) - Hiih|r(aj11;51) - H‘ikhli’ P
~Hin(0,152) Pl + Hon (0,13 Pl + Hics (0,T53) Pl + HenPle Pl =
A Hjikhlm + by Hiyp + (a.jl{’)HlicMm + A Hp, (0,175) — A, HE (0T,
— A Hiee (0;T) = AeHie, P + (01bom )Hicy, -

This shows that
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Hjikhlt’lm: A Hjikhlm + bim Hjikh
if and only if
@6)  {Hin(§14) — Hin(8T5) — Hiw (135) — HranPR}, + Hime(17%)
- Hrihw(ajrlﬁn) - Hlir|€(ajrilk£n) - Hlih|r (6jF;7:1) - Hrikhw P]rm -
Hin(0:T'35) Pim+ Hs (0r T3P + Hics (0:T32) Pl + Higen P P
= (ajAI)HIiMm + A Hin(0;17h) — Ap HL, (0;TE,) — ApHE, (0,15,
~2A¢ Hiyen Pl + () bom )Hin-

Thus, we conclude

Theorem 2.2. In K"- GBR-F,, Berwald curvature tensor j"kh is generalized birecurrent if and only if (2.6)
holds good.

Transvecting (2.5) by g;,, using (1.1b) and (1.15), we get

(2-7) ijkh|€|m + 8ip [{H;h(ajr:{é) - Hrih(ajl“zi?) - Hz‘;r(ajrii«?) - Hrikhpﬁ}lm
+Hi (01T 4) = Hinge (0T i) = Hir1o(9;T i) — Hienyr (9,75,
HienjePim — Hin(0,T54) Pl + Hin (0rT3) Pl + Hics (0-T52) Pl +
HaenPsr Plnl = (A Hipinym + bem Hipin ) + gip{ (92, )Hlffmm +

Ao Hin(0;17h) = Ap HL, (8;T50) — A HE-(9;T5m) — 24 enPim + (8; bem)HLp)-

This shows that

Hipinieim=4¢ Hipinim + bem Hipkn

if and only if
(2.8) 8ip[{Hin (0;17%) — Hin(0Tt) — Hir(0;T57) — Hrikhpﬁ}lm

+H1€h|f(3jfﬁ7i11) - H‘ihlf(ajr;:n) - HlicrH’(ajr;;:n) - Hlichlr(ajrggl -
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HinyoPhm — Hin(0,T34) Pl + Hip (0,143 Pl + Hies (0,775 ) P +
Hin P Pl = 8ip{(0;4 ) Hinym + A Hien(0,T7,) — A Hyn (0,5,
A Hi (0, 5m) — 2 Hegn Py + (0 by ) Hin }-

Thus, we conclude

Theorem 2.3. In K"-GBR-F,, the associate tensor Hjpy, of Berwald curvature tensor }kh is generalized

birecurrent if and only if (2.8) holds good.
Contracting the indices i and h in (2.5), using (1.12) and (1.13), we get
29 Hyam + (Hip(G1,7) = H(815) — HE(8T755) — Hu (830},
+Higpye(9;Tm) = Hrie (0T i) — Hiro (9;T5mm) — Hier (0,
Hyieje P = Hip(0r T2} ) Pl + Hs (-3 )Pl + Hig (6rrp*§)13j:11 +
Hge PYy Py = (A Higym + bem Hixe ) + (8;40) Hiepm + AeHi, (0,1
—AH, (0,;7) — AoHy (0, 5m) — A¢Hyi P + (0jb g ) Hy-
This shows that
Hjoym=AeHjicjm + bem Hjy
if and only if
@10)  {HE, (177) = H(3T5) = HE(8,13%) = Hue (B30},
+Hiopie(93"vm) = Hrie (8Tim) = Hiro(8;Tmm) = Hier (e
Hyiie Pl = Hitp (0:'57) P + Hy (9, 53) P + Hig(9:53) P +
Hg Py P = (9j20)Hicpm + AeHip (0;T10) — oHy (9, T
AeHy, (9;Tpm) = AeHyie Py + (9jbem )Hi -
Theorem 2.4. In K"~ GBR-E,, K-Ricci tensor Hjj in sense of Cartan is generalized birecurrent if and only if

(2.10) holds good.
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Contracting the indices i and j in (2.5) and using (1.16), we get
(211)  (He = Heyeim + {HER (0, 177) = HE (0pTiT) — HE- (3,7
- kahpzrf}m + H;hlf(aprr*fr)l - Hfhw(aprlz?rn) - HlfrH’(aPr;:;;l)
kh|r(a ) kahlt’ Hkh(a Fs*f) Pprm + Hfh(a Ty )Pprm
+ Hlfs (arr )Pgm + Hspkh Pprm - Af’ (Hhk - Hkh )|m
bem (Hye = Hin) + (9p20 ) Hipm + AeHien (0pT'rm) — 2eHE (OpT i
_Alefr(a.pF ) ’11’ rthpm + (6 bfm )Hkh
This shows that
(Hnie = Hepdjeym = Ae(Hpxe — Hin)ym + bem (Hpe — Hye)
if and only if
(212)  {Hn(9p177) = 7 (0pTid) = HE (9p i )= HinPre},
+H;h|€(apr:7€1) - Hfhlt’(apr m) ~ Hkrw(apr;:rrn) - kh|r(a
~Hnje Pom = Hin (0, 157') Pom + H3y (Or T ) By + HEG (9 T) By
+ H o, P2ePym} = bom (Huie — Hin) +{(9p2¢ ) Hipm + e Hin (3,777,
_At’HIfr(apF;rrn) — kahpprm + (apbt’m )Hlfh'
Thus, we conclude

Theorem 2.5. In K"~ GBR-F,, the tensor (H,;, — H,y) is generalized birecurrent if and only if (2.12) holds
good.

Differentiating (1.18) covariantly with respect to x™ in the sense of Cartan and using (1.1a), we get

(2.13) Kjikh|{’|m + Kt’klhlm + Kh£’|k|m+y {(0s LOK, rheim T

(asl}f*i) fkh|m+(as ) f’klm}+y {(a )|m fh[
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+(as I—]"{’*i)lmKrskh +( s in ) rt’k}
Using (2.1) in (2.13), we get
(2.14)  AK; kh|m + K] j{’k|m + A ]h£’|m+ bem Kien + bumK, j{’k+ bimKj) ]ht’
+y"{( 05 L )Konopm + (05 57" )Knm + (05 Gn' ) K piym }
+y" {( 0 I}I:i)lmKrSh{’ + (0 I—]"{’*i)lmKrSkh + (05 Ly ) rt’k}

If Cartan's fourth curvature tensor Klkh is recurrent which is given by (1.23), (2.14) becomes
(2.15) A AnKjxn + A AnKfox + A AmK ot bom Kfin + bpm Ko+ b King
+ A y7{( 05 Lk )Kne + (05 ;6" )Ken + (05 Ly )K i }

{(asl;k*l) Ko + (05 T; ) Kk +(651;,fl) Krsek} 0
Putting (1.18) in (2.15), we get K},
Ao XK hn + A XK oy + Ae A K o+ b Kfien
+ b Ko+ biemKinp = Am( Kjikh|£’ + kam + jihﬂk)
y" {( 0; I}Ei)lm S+ (0 1;[”) Sen +( 05 I;ffl) 'rslk} =0
which can be written as

(2.16)  bem Kjint bumKjo+ bimKje + ¥" {( 0s I;I:i)lm rhe

+( 05 I ) o n + (asl;f:l) Krsek} 0.
Transvecting (2.16) by v/, using (1.1a), (1.6) and (1.2b), we get

bem Hin+ brm Hp + by Hip + Pl HipFPéppn Hip + Pénym Hii = 0.
3. K"- Generalized Birecurrent Affinely Connected Space

Let us consider an affinely connected or Berwald's space which is characterized by any one of the equivalent
conditions (1.19), (1.20), (1.21) and (1.22).
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Definition 3.1. The K- generalized birecurrent space is called K- generalized birecurrent affinely connected
if it satisfies any one of the conditions (1.19), (1.20), (1.21) and (1.22) and denoted briefly by

K- GBR-affinely connected space.

Let us consider K" — GBR — affinely connected space.

If 6j A, =0, 6j by, = 0 and in view of the conditions (1.2b) and (1.22), the equation (2.5) reduces to
(1.3) Hxnjeim = Ae Hinpm + bem Hien -

Thus, we conclude

Theorem 3.1. In K"~ GBR-affinely connected space, if the directional derivative of covariant vector field and

covariant tensor of second order are vanish, then Berwald curvature tensor Hj,, is generalized bireurrent.

If 8]-14 =0, 8jb€m = 0 and in view of the conditions (1.2b) and (1.22), the equation (2.7) reduces to
Hjprnierm = Ae Hipknim + bem Hjpin-

Thus, we conclude

Theorem 3.2. In K"~ GBR-affinely connected space, if the directional derivative of covariant vector field and

covariant tensor of second order are vanish, then the associate tensor Hj,., of Berwald curvature

tensor Hjy, is generalized bireurrent.

If '6]./1{; =0, 8jbfm = 0 and in view of the conditions (1.2b) and (1.22), the equation (2.9) reduces to
Hjopm = A¢ Higpm + bem Hjye.

Thus, we conclude

Theorem 3.3. In K"~ GBR-affinely connected space, if the directional derivative of covariant vector field and
covariant tensor of second order are vanish, then the Ricci tensor Hj;, in sense of Berwald is generalized

bireurrent.

If 6j A, =0, 6j by, = 0 and in view of the conditions (1.2b) and (1.22), the equation (2.11) reduces to
(Hrk = Hepdjepm = Ao (Hpge — Hyn Jym + bem (Hpi — Hyp, ).

Thus, we conclude
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Theorem 3.4. In K" — GBR —affinely connected space, if the directional derivative of covariant vector field

and covariant tensor of second order are vanish, then the tensor (Hy,;,, — Hy;,) is generalized bireurrent.
Now, transvecting (3.1) by y’, using (1.1a) and (1.8), we get

(3.2) Hiniem = Ae Hinim + bem Hiep, -

Transvecting (3.2) by y* , using (1.1a) and (1.11), we get

(3.3) Hhpim = A¢ Hiypm + bom Hiy .

Contracting the indices i and h in (3.2) and using (1.13), we get

Hyoym = e Hiepm + bem Hy

Contracting the indices i and h in (3.3) and using (1.14), we get
Hypjm = A Hj + by H.

Transvecting (3.2) by g;, , using (1.1b) and (1.17), we get
Hip nieim = e Hip.nim + bem Hip -

Thus, we conclude

Theorem 3.5. In K" — GBR —affinely connected space, if the directional derivative of covariant vector field

and covariant tensor of second order are vanish, then the h(v)- torsion tensor H},, , the deviation tensor Hi ,

the curvature vector H,, the curvature scalar H and the tensor Hy,, , are all generalized birecurrent.
In view of (1.22), the equation (2.14) can be written as
(3.4) Ao Kfnim + 2 Kfokim + 2Kinopmt bem Kin + brm Kjoie + biem Kjo = 0.
In view of (1.23), (3.4) reduces to
(A A+ bim) Kfin + (i Am+ b)) Kfore + Qe A+ by Kjpgp = 0
which can be written as
(3.5) Aem Kjin, + Qm Koie + Qe Kje = 0,

where a,,, = 4, 4,,+ b,,,, is covariant tensor field of second order.
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Transvecting (3.5) by ¥/, using (1.1a) and (1.6), we get

(3.6) Qpm Hip + Qo Hy + Qg He, = 0.

Thus, we conclude

Theorem 3.6. In K"~ GBR- affinely connected space, the identities (3.5) and (3.6) are hold good.
Contracting the indices i and ¢ in (3.5), using (1.3) and (1.5), we get

(3.7) Apm K, = @nm Kjie + @amKjp = 0

which can be written as

p _ (anmKje= aiem Kjn)
(38 KD, = - :

Thus, we conclude

Theorem 3.7. In K"~ GBR-affinely connected space, Cartan's fourth curvature tensor K},’ch is defined by (3.8).
In view of (1.2b) and (1.22), (1.7) reduces to

3.9) H]l:kh = K;kh'

Putting (3.9) in (3.5), we get

(3.10) apn H]‘:kh + apm Hji{;k + arm H}M =0.

Thus, we conclude

Theorem 3.8. In K — GBR — affinely connected space, Berwald curvature tensor H}kh coincide with Cartan's

fourth curvature tensor K}'kh and the identity (3.10) holds good.

Contracting the indices i and ¢ in (3.10), using (1.12), (1.10b) and the skew-symmetric property of Berwald

curvature tensor H}kh in it's last two lower indices, we get
apm H]z-th — Aym H]k + Arm H]h =0.
which can be written as
p _ (apmHjx—agmHjn)
@1l Hy, =—7"—"7"

Apm
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Thus, we conclude
Theorem 3.9. In K- GBR-affinely connected space, Berwald curvature tensor is defined by (3.11).
Contracting the indices i and h in (3.9), using (1.12) and (1.5), we get
Hy = Kjy.
Thus, we conclude

Theorem 3.10. In K"~ GBR-affinely connected space, Ricci tensor Hj, in sense of Berwald coincide with Ricci

tensor Kj,, of Cartan's fourth curvature.

Transvecting (3.9) by g, , using (1.1b), (1.15) and (1.4), we get
Hipien = Kjpin-

Thus, we conclude

Theorem 3.11. In K"~ GBR-affinely connected space, the associate curvature tensor Hjpky of Berwald

curvature tensor coincide with the associate curvature tensor Kj,, of Cartan's fourth curvature tensor.
4. Conclusion

(3.1) The K"- generalized birecurrent space is called K"- generalized birecurrent affinely connected if it
satisfies any one of the conditions (1.19), (1.20), (1.21) and (1.22).

(3.2) In KP-GBR-affinely connected space, if the directional derivative of covariant vector field and

covariant tensor of second order are vanish, then Berwald curvature tensor Hjikh is generalized

bireurrent.
(3.3) In K — GBR —affinely connected space, if the directional derivative of covariant vector field a and
covariant tensor of second order are vanish, then the h(v)- torsion tensor Hi, , the deviation tensor H! |,

the curvature vector Hy, the curvature scalar H and the tensor H,, , are all generalized birecurrent.
(3.4) In K"~ GBR-affinely connected space, Cartan's fourth curvature tensor K]th is defined by (3.8).

(3.5) In KP- GBR-affinely connected space, Berwald curvature tensor H]-ikh coincide with Cartan's

fourth curvature tensor K}kh and the identity (3.10) holds good.

(3.6) In KP- GBR-affinely connected space, Ricci tensor Hjy in sense of Berwald coincide with Ricci
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tensor Kj, of Cartan's fourth curvature.

(3.7) In K"~ GBR-affinely connected space, the associate curvature tensor Hi,,;, of Berwald

jpk
curvature tensor coincide with the associate curvature tensor K;,i, of Cartan's fourth curvature
tensor.

5. Recommendations

Authors recommend the need for the continuing research and development in affinely connected space and its

relation with other spaces.
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