American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS)
ISSN (Print) 2313-4410, ISSN (Online) 2313-4402
© Global Society of Scientific Research and Researchers

http://asrjetsjournal.org/

On a Generalized BR — Birecurrent Finsler Space

Fahmi Yaseen Abdo Qasem®, Wafa'a Hadi Ali Hadi®

®Department of Mathematics , Faculty of Education-Aden, University of Aden, Khormaksar , Aden, Yemen
®Department of Mathematics , Community College, Dar Saad , Aden, Yemen
®Email: Fahmiyassenl@gmail.com

*Email: wf_hadi@yahoo.com

Abstract

In the present paper, we introduced a Finsler space whose Cartan's third curvature tensor R}kh satisfies
BmBnRj'kh = amnR}kh + bmn(aligjh - aiiugjk) - zyr,unBr (alic}hm - 6;zc‘jkm) where Amn and bmn are non-
zero covariant tensor fields of second order called recurrence tensor fields, such space is called as a generalized

BR —birecurrent Finsler space.

The curvature tensor ]-"kh , the torsion tensor H}, ,the deviation tensor Hj, the Ricci tensors ( Hjk, Rj), the
vector H,, and the scalar curvature tensor Hof such space are non-vanishing. Under certain conditions, a
generalized SR —birecurrent Finsler space becomes Landsberg space . Some conditions have been pointed out

which reduce a generalized SR —birecurrent Finsler space F,(n > 2) into Finsler space of scalar curvature.

Keywords: Finsler space; Generalized SR —birecurrent Finsler space; Ricci tensor; Landsberg space; Finsler

space of scalar curvature.
1. Introduction

H.S. Ruse[4] considered a three dimensional Riemannian space having the recurrent of curvature tensor and he
called such space as Riemannian space of recurrent curvature. This idea was extended to n-dimensional
Riemannian and non- Riemannian space by A.G. Walker [1],Y.C. Worg [14] ,Y.C. Worg and K. Yano [15] and
others.
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S. Dikshit [13] introduced a Finsler space whose Berwald curvature tensor H]-ikh satisfies recurrence property in
the sense of Berwald, F.Y.A.Qasem and A.A.M.Saleem [3] discussed general Finsler space for the
hv —curvature tensor j"kh satisfies the birecurrence property with respect to Berwald's coefficient j"k and they
called it UBR- Finsler space. P.N.pandey, S.Saxena and A.Goswami [8] introduced a Finsler space whose
Berwald curvature tensor H}kh satisfies generalized recurrence property in the sense of Berwald they called

such space generalized H-recurrent Finsler space .

(1.1) a) yyy'=F* b) gy=0y; = 9y ¢ By'=0
d) Cojy' = Crijy' =Cjay' =0 e) By gij = —2Cijkny" = - 2y"BCijx
f) G]L:khyj = Gfiljk yl= Glichjyj =0.

The unit vector ¢ and the associate vector L is defined by

12 @ l=% B lL=gyl =4F=%.
The processes of Berwald's covariant differentiation and the partial differentiation commute according to
(1.3) (0kBy, — Bydp) Tji = Terlihr - TriGthj .
The tensor Hj"kh satisfies the relation
(1.4) Hjny’ =Hin -
(1.5) Hipn = 0;H i
The torsion tensor H },, satisfies
(1.6) Hi,y* = HL,

(1.7) R}kh)’szlih’

(1.8) Hj = H;i,a. ,
(1.9) He= Hi;,
and

-1 i
(1.10) H =— H|

where H j, and H are called h-Ricci tensor [7] and curvature scalar respectively. Since contraction of the
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indices does not affect the homogeneity in y', hence the tensors H,, , H, and the scalar H are also

homogeneous of degree zero, one and two in y’ respectively . The above tensors are also connected by
(1.11) Hjy) =Hy,

(1.12) Hj,=0;Hy ,

(1.13) Hyy* =(n-1DH.

(1.14) Hi, =0, H}.

The necessary and sufficient condition for a Finsler space F,(n > 2) to be a Finsler space of scalar curvature is

given by

(1.15) Hy = F?R(8, = 1'1n) -

A Finsler space F, is said to be Landsberg space if satisfies
(1.16) Gl =0.

The Ricci tensor Ry, is given by

(1.17) Rbi=Rj.

2. Generalized BR —Birecurrent Finsler Space

A Finsler space whose Cartan's third curvature tensor R}kh satisfies

(2.1) ByuRn = ARn + 1 (8kgjn — 6h9ji) » Rixn # 0, where 4, and p,, are non-zero covariant vector
fields and called the recurrence vector fields, we shall call such Finsler space as a generalized R- recurrent

Finsler space.

Differentiating (2.1) covariantly with respect to x™ in the sense of Berwald and using (1.1e) ,we get

(2.2) BmBnRji'kh = (Bpin + 1y lm)R}kh + (Antim + Bmﬂn)(dligjh - 5;.191'1()
—2y" 1By (8 Cinm — 8k Cjiem)-

Which can be written as

(23) BmBnRj'kh = amnR}kh + bmn (dlicgjh - 611.1gjk) - ZyT,unBr (dliccjhm - (Sfiijkm)-

11



American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2016) Volume 19, No 1, pp 9-18

where a,,, = BAn + Ap A and by, = AU, + B, are non-zero covariant tensor fields of second order .

Definition 2.1. A Finsler space F,, whose Cartan's third curvature tensor R}kh satisfies the condition (2.3) will be

called generalized SR-birecurrent Finsler space ,we shall denote it GBR — BR — E,.
Transvecting (2.3) by y/ , using (1.1c) , (1.7) and (1.1d), we get

(2.4) B BrHin = G Hign + by (81yn — 8hY1)-

Further transvecting (2.4) by y* , using (1.1c) , (1.6) and (1.1a) , we get

(2.5) BB Hi = amnHE + by (iyn — SLF?).

Thus, we have

Theorem 2.1. In GBR — BR — E, , Berwald second covariant derivative of the h(v) —torsion tensor H., and

the deviation tensor H: is given by the equations (2.4) and (2.5) ,respectively.

Contracting the indices i and h in (2.3), (2.4) and (2.5) , respectively and using (1.17) ,(1.9) and (1.10) , we get

(2.6) BByRik = @mnRjx + (1 = n)bmngjx — 2(1 — n)y" tyn By Cgen.-
(2.7) BuBrHy = appHi + (1 — n) by Vi

and

(2.8) B, ByH = apyH — by F2.

Thus, we have

Theorem 2.2. InGBR — BR — F, , the R — Ricci tensor Ry, , the curvature vector H, and the scalar curvature

H are non-vanishing .

Differentiating (2.7) partially with respect to y’ and using (1.1b), we get

(2.9) 0;(BmBrHy) = (0;@mn)Hy + @y (0;Hy) + (1 = 1) (0;bmn )y + (1 — )by gk
Using commutation formula exhibited by (1.3) for (B,,H,) in (2.9) and using (1.12), we get
(2.10) Bn0; (BpHy) — (BrHi) Glrun — (BoHy) Ghie = (0;mn ) Hye

+amnij + (1 - n)(ajbmn)yk + (1 - n)bmngjk .
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Again applying the commutation formula exhibited by (1.3) for (H,), we get
(2-11) BmBnij - Bm (HrG;nj) - (Ber)Gann - (BnHr) ﬁnk

= (ajamn)Hk + amnij + (1 - n)(ajbmn)yk + (1 - n)bmngjk .

This shows that

(212) BmBnH]k = amnij + (1 - n)bmngjk.
if and only if
(213) _Bm(HrG;nj) - (Ber)Gj?;nn - (BnHr) ]?;nk = (ajamn)Hk + (1 - n)(ajbmn)yk'

Thus, we have

Theorem 2.3. In GBR — BR — F, , the H —Ricci tensor Hj;, is given by equation (2.12) if and only if (2.13)
holds good.

Transvecting (2.11) by y* , using (1.1c) , (1.1f), (1.11) (1.13) and (1.1a), we get

(2.14) B BnHj — (n — 1)(B,H) Gy = (0 — 1)(0jamn)H + aymnHj + (1 — 1) (0;byn ) F
+(1 = )by y;.

Using (2.7) in (2.14), we get

(2.15) (B H) Gl = —(0j@mn)H + (9jbymn ) F2.

Suppose (B, H)Gjpy = 0, in view of (2.15) , we get

(2.16) —(0;amn)H + (0;bmn )F? = 0.

Which can be written as

_ (éjamn)H
= —Fz .

(2.17) (0jbmn)

If the covariant tensor field a,,, is independent of y?, equation (2.17) shows that the covariant tensor field b,,,,

is independent of y* . conversely , if the covariant tensor b,,,, is independent of y* , we get H(éjamn) =0.

In view theorem2.2 , the condition H(9;a,,) = 0 implies 8;a,,, = 0 ,i.e. the covariant tensor field a,, is also

independent of y! . this leads to
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Theorem 2.4. In GBR — BR — E, , the covariant tensor field b,,,, is independent of the directional arguments if

and only if the covariant tensor field a,,,, is independent of the directional arguments provided (B, H)Gj,,, = 0.

Suppose the tensor a,,, is not independent of y! and in view of (2.11) , (2.12) and (2.17), we get

; (n-1)
(2.18) ~Bm(HyGlonj) = (BrHi) Gmn — (BaHy) Gl = 0jtmn (Hie = 5= Hye).

Transvecting (2.18) by y™ , using (1.1c) and (1.1f) , we get

(2.19) =B (H, Gl )y™ = (8 n)y™ (Hi — 252 Hy,).
Which implies
(2.20) =By (H, Gl )y™ = @ — a) (e = 52 Hy,)

where a,,,,y™ = a,

Suppose Bm(HrG,an)ym = 0, equation (2.20) has at least one of the following conditions

(n-1)
FZ

(2.21) a) aj, = éjan , b) H, = Hy, .

Thus, we have

Theorem 2.5. In GBR — BR — F,,, which the covariant tensor field a,,,, is not independent of the directional

argument at least one of the conditions(2.21a) and (2.21b) hold.

Suppose (2.21b) holds, then (2.18) implies

(2-22) _Bm ((n_l)H y‘rG;;nj) - (B‘r %3%) Gﬁnn - (an%”) G]?:mk =0.

F2 F2
Transvecting (2.22) by y™ and using (1.1c) and (1.1f), we get
(2.23) B (H) Yy Glonjy™ + H(Bpn Gien ) yry™ = 0.
If H(B,,Grn;)yry™ = 0, the equation (2.23) implies
(2.24) VrGinj = 0, since B, (H)y™ # 0
Therefore the space is Landsberg space

Thus , we have
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Theorem 2.6. An GBR— BR— F, is Landsberg space if condition (2.21b) holds and provided

H(BpGinj)yry™ =0 .

If the covariant tensor field a;, # 6]-an , in view of theorem2.5 , (2.21b) holds good. In view of this fact, we

may rewrite theorem2.6 in the following

Theorem 2.7. An GBR — BR — FE, is necessarily Landsberg space provided

aj, # 3jan and H(BmG,:nj)yrym =0.

Differentiating (2.4) partially with respect to y/ , using (1.5) and (1.1b), we get

(2.25) 0;(BinBnHip) = (0;@mn)Hin + QmnHyn + 0bymn) (kv — 81k

+bmn (5licgjh - 8filgjk) .
Using commutation formula exhibited by (1.3) for (B, HL,,) in (2.25) , we get
(2.26) By (0BnHin) = (BrHion) Glrun + (BnHien) Gimy — (BuHyi) Glun
~(BnHi) Gl = (0j@mn)Hicn + nnHjyen, + (03bmn) (8k¥n — 813
+bmn(51igjh - 6filg]'k)'

Again applying the commutation formula exhibited by (1.3) for (H%,) in (2.26) and using (1.5), we get
Bun(BuHjin + HinGjnr = HpeGlun = Hir Giic) = (Br Hicn) Gl
+(BnH17;h)Gjimr — (BuHY) ik — (BnHiilr)Gj?;nk = (ajamn)Hlih
+amnHjikh + (3jbmn)(51i<3’h - 5;.13’1\{) + by (5licgjh - 5}1.19jk)-

Above equation can be written as

(2.27) BunBnHjn + (BuHicn) Glnr + Hin (BinGjnr) = (BunHri) Glun

—Hy i (BinGinn) = (BmHir ) Gk = Hir (B Glnie) = (BrHicn) Gmn
+(BnHI€h)Gjimr — (BpHl) ik~ (BnHiilr)Gj?;nk = (3jamn)Hlich

+amnHjikh + (3jbmn)(5liyh - é‘}iﬁyk) + bmn (5lftgjh - 5iilgjk) .
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This shows that

(2-28) B B Hkh - amnH]kh + bmn(5kg]h 5iilgjk) .
if and only if
(229) (B Hkh) jnr + Hkh(Bm inr (Berik) ]T;’lh - Hﬁk(Bm ]nh)

_(BmHiilr) j?;’lk _Hlilr(Bm ]nk) (B Hkh) jmn + (B Hkh) jmr
_(BnHrik) ﬁnh (Bn Hhr) mk = (6 amn)Hkh + (6 bmn)(5th - 5h3’k)-
Thus, we have

Theorem 2.8. In GBR — BR — F, , the Berwald curvature tensor jkh is non-vanishing if and only if (2. 29)

holds good.
Transvecting (2.29) by y* , using (1.1c) , (1.1f), (1.1a) and (1.6), we get
(2.30) (B H) Gy + H] (B Gjny) — (B H) Gl
_Hri(BmGﬁlh) (B, Hi)G), imn + (Bn H})G} jmr
~(BaH})Gln = (9;amn ) Hy, = (D) (1F = y'yn) -
In view of (2.17) and (2.30), we get
(2.31) Bl Gy + H (B Gjny) — (B HH) Gl
~H- (B Glun) — (BrHp) Gl + (BuHE) Gy

=(BuH) Gl = (9jm ) [Hy, = H(8, = 1Ln)]-

(232) (B Hh) ]n‘r+Hh(Bm jnr (B Hr) jnh Hri(Bm ]nh)

_(B Hh) jmn (B Hh) jmr (B H) jmh — =0.

We have at least one of the following conditions

(2.33) a) (0jamn) =0, b) Hy, = H(8}, = 1'Ln)-
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Putting H = F?R,R # 0, (2.33) may be written as

(2.34)

Hj, = F?R(8}, — '1n).

Therefore the space is a Finsler space of scalar curvature

Thus , we have

Theorem 2.9. An GBR —BR —F, , for (n>2) admitting (B,,H})G}p, + Hy(BiGiny) — (BinHL) Gy —

H; (B

T

mn) — (BrH};)Gﬁnn + (BnH;)G}mr - (BnH;')Gﬁnh = 0 is a Finsler space of scalar curvature provided

R +0 and the covariant tensor filed a,,,, is not independent of the directional arguments.

3. Conclusion

10.

The space whose defined by condition (2.3) is called generalized SR — birecurrent Finsler space.

In GBR — BR — E, , Berwald second covariant derivative of the h(v) —torsion tensor Hj, and the
deviation tensor H} is given by the equations (2.4) and (2.5) ,respectively.

In GGR — BR — F, , the R — Ricci tensor R, , the curvature vector H, and the scalar curvature H are
non-vanishing .

In GGR — BR — F, , the H —Ricci tensor Hy, is given by equation (2.12) if and only if (2.13) holds
good.

In GBR — BR — E, , the covariant tensor field b,,,,, is independent of the directional arguments if and
only if the covariant tensor field a,,, is independent of the directional arguments provided
(B H)Glppn = 0.

In GBR — BR — F, , which the covariant tensor field a,,, is not independent of the directional
argument at least one of the conditions (2.21a) and (2.21b) hold.

An GBR — BR — F, is Landsberg space if condition (2.21b) holds and provided H(BmG,an)yrym =0
An GBR — BR — F, is necessarily Landsberg space provided aj, # 6]-an and H(BmG,Cn]-)yrym =0
In GBR — BR — E, , the Berwald curvature tensor jikh is non-vanishing if and only if (2. 29) holds
good.

An GBR—BR—F, , for ( n> 2) admitting (B,H})Gh, + Hj(BpGlnr) = (BiHE) Gy —
HE(BmGlun) — (BrHY) Glon + (BuHp) Gy — (B HY) Gy = 0'is a Finsler space of scalar curvature

provided R #0 and the covariant tensor filed a,,,,, is not independent of the directional arguments.

4. Recommendations

The authors recommend the research should be continued in the Finsler spaces because it has many applications

in Biology , relativity physics and other fields .
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