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Abstract 

In this paper, we are interested in studying the generalized Pythagorean equation: 

𝑥2 + 𝑦2 = 𝑛!   𝑛 ∈  ℕ  (x, y) ∈ Z2 . 

Furthermore, the non-Principe Dirichlet character module 4, defined as follows: 

𝜒(d) = {

1 𝑖𝑓  𝑑 ≡ 1(𝑚𝑜𝑑4)

−1  𝑖𝑓  𝑑 ≡ 3(𝑚𝑜𝑑4)
0 𝑖𝑓  𝑑 𝑖𝑠 𝑒𝑣𝑒𝑛

 

Using Jacobi’s Two-Square Theorem, we show that the total number of lattices in the circle of radius 𝑟 = √𝑁 is 

equal;  

∑ ∑ 𝜒𝑑|𝑛
𝑁
𝑛=1 (𝑑). 

Finally, Application: the formula for 𝜋 by number theory is given by 

𝜋 = lim
𝑁→+∞

4

𝑁
(∑ 𝜒

𝑁

𝑛=1

(d)) = 4(1 −
1

3
+

1

5
−

1

7
⋅⋅⋅⋅). 
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1.Introduction 

Leonhard Euler announced his successful proof of Fermat’s theorem on sums of two squares, which states that 

an odd prime 𝑝 can be expressed as 𝑥2 + 𝑦2 if and only if 𝑝 ≡ 1( mod 4) in 1749, Euler, in his proof, based on 

the method of infinite descent, see [2,3,4]. 

Furthermore, for more details on Fermat's theorem on sums of two squares, see [5,6,9]. 

It is well-known that the general integer solution to t 

he Pythagorean equation 

𝑥2 + 𝑦2 = 𝑧2 

Is, allowing an interchange of 𝑥 and 𝑦: 

𝑥 = 𝑚2 − 𝑛2 ,    𝑦 = 2𝑛𝑚,    𝑧 = 𝑚2 + 𝑛2 . 

Properties of such triples, such as their connections to matrix generators and Fibonacci numbers, add to this 

subjects mystique; see [1,9]. In this paper, let 𝑎,  𝑏 be two integers such that: 

𝑎 ≥ 0,  𝑎 < 𝑏,  𝑑 ≥ 2 𝑎𝑛𝑑 𝐺𝐶𝐷(𝑎, b) = 1. 

𝑝 is a prime number. We then introduce the following notations 𝑃𝑛(𝑎, 𝑑), and  𝑞𝑛(𝑎, 𝑑) , which define by: 

𝑃𝑛(𝑎, 𝑏) =

∏ 𝑝
𝐸(

𝑛
𝑝−1

)
𝑝
d

∏ (𝑛
𝑘=1 𝑎 + 𝑘𝑑)       

𝑛!
                                         (1.1) 

And 

𝑞𝑛 (𝑎, 𝑑) =
∏ 𝑝𝐸(

n−1
P−1

)
𝑝
𝑑

∏ (𝑛
𝑘=1 𝑎 + (𝑘 − 1)𝑑)

𝑛!
                                (1.2) 

First, we show that 𝑃𝑛(𝑎, 𝑑) (given the condition  𝐺𝐶𝐷(𝑎, 𝑏) = 1) is an integer. Let 𝑝 be an arbitrary prime 

number; We assume that the numerator and denominator of (1.1) be exactly divisible by the 𝑈𝑃 (𝑛)-th and 

𝑉𝑝(𝑛) -th powers of 𝑝 , respectively; it is to be shown that 𝑈𝑃 (𝑛) ≥ 𝑉𝑃(𝑛) . 

If 𝑝/d we have: 

𝑉𝑃(𝑛) = ∑ 𝐸

+∞

𝑖=1

(
𝑛

𝑝𝑖
) ≤ ∑

𝑛

𝑝𝑖

+∞

𝑖=1

=
𝑛

𝑝 − 1
 

Then 𝑉𝑃(𝑛) ≤ 𝐸(
n

𝑃−1
) Which proves our claim for 𝑝/𝑑. 
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However, if 𝑝|̸ 𝑑, then 𝑈𝑃 (𝑛) is clearly equal to the number of factors of the second product divisible by 𝑝 in the 

numerator of (1.1), plus the number of factors of the same product divisible by  p2  plus etc. Now, the 

congruence: 

𝑎 + 𝑘𝑑 ≡  0 𝑚𝑜𝑑(𝑝𝑟)                                  (1.3) 

admits at least 𝐸(
𝑛

𝑃𝑟) solutions for 𝑘 in the considered interval 1 ≤ 𝑘 ≤ 𝑛, since this interval contains many 

complete systems of residues modulo 𝑝𝑟; therefore, in this case: 

𝑈𝑃 (𝑛) ≥ ∑ 𝐸

+∞

𝑖=1

(
𝑛

𝑝𝑖
) = 𝑉𝑃(𝑛) 

We conclude that 𝑃𝑛(𝑎, 𝑏) is an integer number. Remarque: 𝐸(𝑥) = ⌊𝑥⌋, the entire part of 𝑥. 

2.The expression of 𝑻𝒏(𝒂, 𝒃) 

Let, 𝑝1, 𝑝2, ..., 𝑝ℎ,prime numbers < 𝑑  that  𝑝𝑖  do not divide 𝑑. 

The numbers,  𝑞1 , q , ..., 𝑞ℎ are given by the following condition: 

𝑝𝑙𝑞𝑙 ≡ 𝑎 𝑚𝑜𝑑 (𝑑), 𝑞𝑙 < 𝑑, (l=1,2,....,h). 

We consider the expression: 

𝑇𝑛(𝑎, 𝑑) =
P𝑛(𝑎, 𝑑)

𝑃
𝐸(

𝑛
𝑝1

)
(𝑞1 , 𝑑)𝑃

𝐸(
𝑛
𝑝2

)
(𝑞2, 𝑑). . . 𝑃

𝐸(
𝑛

𝑝ℎ
)
(𝑞ℎ , 𝑑)

 

 3.Some technical lemmas and Theorems 

In this section, we will discuss some lemmas and theorems of technique. 

Lemma 1: We have: 

𝑃𝑛(𝑎, 𝑑) = 𝛼 n+o(n)  

𝑆𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 𝛼 = 𝛼 (𝑑) = 𝑑 ∏ 𝑝
1

𝑝−1
𝑝/𝑑 . 

Proof: 

 We have:𝑛 = 𝐸(
𝑛

𝑝−1
)(𝑝 − 1) + 𝑟,  𝑟 ≤ 𝑝 − 2, (𝑖𝑓  𝑛 > 𝑝 − 1);  

⇒ 𝑛 − (𝑝 − 2) ≤ 𝐸(
𝑛

𝑝 − 1
)(𝑝 − 1) 
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⇒
𝑛

𝑝 − 1
−

𝑝 − 2

𝑝 − 1
≤ 𝐸(

𝑛

𝑝 − 1
) ≤

𝑛

𝑝 − 1
 

𝑖𝑓 𝑛 ≤ 𝑝 − 1, ⇒
𝑛

𝑝 − 1
−

𝑝 − 2

𝑝 − 1
≤ 𝐸(

𝑛

𝑝 − 1
) ≤

𝑛

𝑝 − 1
 

On the other hand 

𝑘𝑑 ≤ 𝑎 + 𝑘𝑑 ≤ (𝑘 + 1)𝑑, 𝑘 ∈ {1,2, . . . . , 𝑛} 

Then: ∏ 𝑝
−

𝑝−2

𝑝−1
𝑝/𝑑 (𝑑 ∏ 𝑝

1

𝑝−1
𝑝/𝑑 )𝑛 ≤ 𝑃𝑛(𝑎, 𝑑) ≤ (𝑛 + 1)(𝑑 ∏ 𝑝

1

𝑝−1
𝑝/𝑑 )𝑛  .        (1.4) 

We notice:    n +1 = 𝛼
ln(𝑛+1)

ln𝛼     

Lemma 2:   

Let 𝑝𝑊𝑝(𝑛) be the highest power of p that divides the number  𝑃𝑛(𝑎, 𝑑), Then 

𝑝𝑊𝑝(𝑛) ≤ (𝑛 + 1)𝑑 

Proof: 

We have W𝑝(𝑛) = 𝑈𝑃 (𝑛) − 𝑉𝑃(𝑛). 

If 𝑡𝑝𝑟(𝑛) is the number of congruence solution (1.3) in the interval, 1 ≤ 𝑘 ≤ 𝑛. 

And 𝑝 does not-divide 𝑑 then,  W𝑝(𝑛) = ∑ {+∞
𝑖=1 𝑡𝑝𝑖(𝑛) − 𝐸(

n

𝑝𝑖)} . 

Let 𝑟0 ∈ 𝑁∗, such that∶ 𝑝𝑟0 ≤ 𝑎 + 𝑛𝑑 < 𝑝𝑟0+1; 

⇒ 𝐸(
𝑛

𝑝𝑟
) = 𝑡𝑝𝑟(𝑛) = 0, ∀𝑟 > 𝑟0 . 

 

If   𝑟 ≤ 𝑟0, put 𝑘0 = 𝑚𝑖𝑛{𝑘, 𝑎 + 𝑘𝑑 ≡  0 𝑚𝑜𝑑(𝑝𝑟)} ; 

⇒ 𝑝𝑟/(𝑎 + 𝑘0𝑑 + 𝑝𝑟𝑑), 𝑝𝑟/(𝑎 + 𝑘0𝑑 + 2𝑝𝑟𝑑), . . . . . , 𝑝𝑟/(𝑎 + 𝑘0𝑑 + 𝐸(
𝑛

𝑝𝑟)𝑝𝑟𝑑). 

                                          𝑡ℎ𝑒𝑛,               𝑡𝑝𝑟(𝑛) ≤ 𝐸(
𝑛

𝑝r) + 1. 

⇒ W𝑝(𝑛) ≤ 𝑟0 . 

If  𝑝/𝑑 

 then, 
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Wp(𝑛) = 𝐸(
𝑛

𝑝 − 1
) − 𝑉𝑃(𝑛)

≤ {
𝑛

𝑝
− 𝐸(

𝑛

𝑝
)} + {

𝑛

𝑝2
− 𝐸(

n

𝑝2
)}+. . . +{

𝑛

𝑝𝑟0
− 𝐸(

𝑛

𝑝r0
)}

  + ∑
𝑛

pi

+∞

𝑖=𝑟0+1

≤ 𝑟0 +
𝑛

𝑝𝑟0
∑

1

𝑝𝑖

+∞

𝑖=1

= 𝑟0 +
𝑛

𝑝𝑟0
⋅

1

𝑝 − 1

< 𝑟0 +
𝑛

𝑎 + 𝑛𝑑
⋅

𝑝

𝑝 − 1
≤ 𝑟0 +

2

𝑑
≤ 𝑟0 + 1.

 

So: 

𝑝W𝑝(𝑛) ≤ 𝑝𝑟0 ≤ 𝑎 + 𝑛𝑑 ≤ (𝑛 + 1)𝑑 

Lemma 3: Let  𝑛 ≥ 𝑑,  𝑝 > √(𝑛 + 1)𝑑  and, 𝑝 ≡   𝑎  𝑚𝑜𝑑(𝑑). 

If 𝑝 belongs to an interval: 

𝑎+𝑛𝑑

1+𝑘𝑑
< 𝑝 ≤

𝑛

𝑘
                                (1.5) 

Then,  𝑃𝑛(𝑎, 𝑑) is not divisible by p   

If 𝑝 belongs to an interval: 

𝑛

𝑘+1
< 𝑝 ≤

𝑎+(𝑛+1)𝑑

1+𝑘𝑑
                        (1.6) 

Then 𝑃𝑛(𝑎, 𝑑) is divisible by  𝑝 . 

 Proof: We have p2 > (𝑛 + 1)𝑑 > n, then:  

𝐸(
n

𝑝2) = 𝐸(
𝑛

𝑝3)=....=0, and  𝑡𝑝2(𝑛) = 𝑡𝑝3(𝑛) =. . . = 0 

On the other hand:  

p > √nd ≥ 𝑑 ⇒ 𝐺𝐶𝐷(𝑝, 𝑑) = 1. 

Then 𝑝W𝑝(𝑛) = 𝑡𝑝(𝑛) − 𝐸(
𝑛

𝑃
) 

By (1.5) we have:  k ≤
𝑛

𝑝
 ⇒ 𝑘 ≤ 𝐸(

n

𝑝
). 

Another: 𝑎 + 𝑥𝑑 ≡ 0 𝑚𝑜𝑑(𝑑) (i.e ) 𝑎 + 𝑥𝑑 = 𝑝𝑦;  
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                                            𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑) ≡  𝑝𝑦.  

Since, 𝐺𝐶𝐷(𝑝, 𝑑) = 1,⇒ 𝑦 ≡ 1  𝑚𝑜𝑑(𝑑) 

By (1.5), we find;         p (1 + 𝑘𝑑) > 𝑎 + 𝑛𝑑 ⇒ 𝑦 < 1 + 𝑘𝑑 

⇒ 𝑡𝑝(𝑛) ≤ 𝑘 , then   𝑝W𝑝(𝑛) =0 

By (1.6) we have; 

𝑛

𝑝
< 𝑘 + 1 ⇒ 𝐸(

𝑛

𝑝
) ≤ 𝑘. 

And 𝑝(1 + 𝑘𝑑) < 𝑎 + (𝑛 + 1), 𝑝(1 + 𝑘𝑑) ≡ 𝑎 𝑚𝑜𝑑(𝑑) 

Then,     𝑝(1 + 𝑘𝑑) ≤ 𝑎 + 𝑛𝑑 

On the other hand: 𝑝 > 𝑑 > 𝑎,   and  𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑) 

p ≥ 𝑎 + 𝑑. 

 Then, 𝑝 ,  𝑝(1 + 𝑑) , ....., 𝑝(1 + 𝑘𝑑)  are numbers of the form 𝑎 + 𝑥𝑑  and each is divisible by 𝑝 . 

                                    ⇒ t𝑝(𝑛) ≥ 𝑘 + 1.  

⇒ W𝑝(𝑛) ≥ 1  and On the other hand, W𝑝(𝑛) ≤ 1 

So:                                                  W𝑝(𝑛) = 1  

Lemma 4: We have: 

                                        T𝑛(𝑎, 𝑑) = 𝛼 (1− 𝜎)𝑛+𝑜(𝑛).  

𝑜𝑟  𝜎 =  𝜎(𝑑) = ∑
1

𝑝
𝑝 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑑𝑖𝑣𝑖𝑑𝑒 𝑝 𝑝<𝑑

 

Proof: 

𝑇𝑛(𝑎, 𝑑) = 𝛼
𝑛−𝐸(

n
𝑝1

)−𝐸(
n

p2
)−...−𝐸(

n
ph

)+𝑜(𝑛)

= 𝛼
𝑛−

n
p1

−
n

p2
−⋯.+𝑜(𝑛)

= 𝛼(1−𝜎)𝑛+𝑜(𝑛).

 

Lemma 5: (see [8]) 

Let  𝑛 > 𝑑2 then, 𝑇𝑛(𝑎, 𝑏) is not divisible by any prime number 𝑝 > √(𝑛 + 1)𝑑  for which 𝑝 ≡ 𝑎 does not hold. 

Theorem 6:  For 𝜉 → +∞  we have:  
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∏ 𝑝

𝑝≤𝜉 ,𝑝≡𝑎 𝑚𝑜𝑑(d)

≤ (𝛼(𝑑))
𝜉

d−1
+𝑜(𝜉)

 

Proof; 

 We pose:  𝑎 + 𝑛𝑑 ≤ 𝜉 < 𝑎 + (𝑛 + 1)𝑑 

By the lemma 3, 𝑃𝑛(𝑎, 𝑑)  divisible by the prime numbers , 𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑)  with,  𝑛 < 𝑝 < 𝑎 + (𝑛 + 1)𝑑 

Then the prime number𝑠, 𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑), with 
𝜉

𝑑
< 𝑝 ≤ 𝜉  divides 𝑃𝑛(𝑎, 𝑑) (because, 𝑛 ≤

𝜉−𝑎

𝑑
<

𝜉

𝑑
 and 𝜉 < 𝑎 +

(𝑛 + 1)𝑑  

For 𝑛 → +∞ i.e  𝜉 → +∞, and by the lemma 1, We have:  

∏ 𝑝
𝜉
𝑑

≤𝑝≤𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝑃𝑛(𝑎, 𝑑) = 𝛼𝑛+𝑜(𝑛) ≤ 𝛼
𝜉
d

+o(𝜉). 

 Then for ϵ > 0 ∃𝜉0(𝜀)  such that ∀𝜉 ≥ 𝜉0(𝜖)  we have:  

                              ∏ p𝜉

𝑑
≤𝑝≤𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝛼
𝜉

𝑑
(1+ϵ)

  

For everything,  𝜉 ≥ 𝜉0(ϵ) , and 𝑟 ∈ 𝑁 , such that: 
𝜉

𝑑𝑟+1 < 𝜉0(ϵ) ≤
𝜉

𝑑𝑟 . 

We have:                          ∏ 𝑝𝜉

𝑑2<𝑝≤
𝜉

𝑑
,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝛼
𝜉

𝑑2(1+ϵ)
 

                                              . . . . . . . . . . . . ..  

                                            ∏ 𝑝𝜉

𝑑𝑟+1<𝑝≤
𝜉

𝑑𝑟,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)
≤ 𝛼

𝜉

𝑑𝑟+1(1+c)
.  

Then:  

 

∏ 𝑝𝑝≤𝜉,p≡𝑎 𝑚𝑜𝑑(d) ≤ ∏ 𝑝𝑝≤𝜉0 ,𝑝≡𝑎 𝑚𝑜𝑑(𝑑) ⋅ α
(

 𝜉

𝑑
 +

𝜉

𝑑2+...+
𝜉

𝑑𝑟+1)(1+ϵ)

≤ ∏ 𝑝𝑝≤𝜉0 ,𝑃≡𝑎 𝑚𝑜𝑑(𝑑) ⋅ α
𝜉

𝑑−1
(1+ϵ).

 

Then, for 𝜉 ≥ 𝜉1(ϵ), we have:  

                                              ∏ 𝑝𝑝≤𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑) ≤ α
𝜉

𝑑−1
(1+2ϵ).  

So for 𝜉 → +∞   we have: 

                                              ∏ 𝑝𝑝≤𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑) ≤ (𝛼(𝑑))
𝜉

𝑑−1
+o(𝜉).  
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Theorem 7:  If  𝜎 <
1

2
−

𝑑

(𝑑−1)(2𝑑+1)
=

2𝑑2−3𝑑−1

2(𝑑−1)(2𝑑+1)
 

For 𝜉  sufficiently large enough, there exists a prime number p of the form 𝑎 + 𝑘𝑑, such that:  

                                                                 𝜉 < 𝑝 ≤ 2𝜉. 

Proof: 

We pose: 

𝜑𝑛(𝑎, 𝑑) =
𝑇2𝑛 (𝑎, 𝑑)

𝑃𝑛(𝑎, 𝑑)
 

By the lemma 1  and the lemma 4  with 𝑛   big enough (𝑛 → +∞) 

We have: 

𝜑𝑛(𝑎, 𝑑) = 𝑎(1−2𝜎)𝑛+o(𝑛). 

For,  𝑛 > 𝑑,2  then by the lemma 5 𝜑𝑛(𝑎, 𝑑) is not divisible by a prime number that does not satisfy 𝑝 ≡

𝑎 𝑚𝑜𝑑(𝑑) and 𝑝 > √(2𝑛 + 1)𝑑 

By the lemma 3, the prime numbers 𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑) with 

𝑛 < 𝑝 < 𝑎 + (𝑛 + 1)𝑑, and 𝑝 > √(2𝑛 + 1)𝑑 > √(𝑛 + 1)𝑑 divides 𝑃𝑛(𝑎, 𝑑), while 𝜑𝑛(𝑎, 𝑑) is not divisible by 

p(because: if 𝜑𝑛(𝑎, 𝑑)  is divisible by 𝑝 ⇒ 𝑝2𝑛(a, 𝑑)  is divisible by 𝑝2  and 𝑝2 > (2𝑛 + 1)𝑑  ,contradiction). 

By the lemma 3  the prime numbers 𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑) with 

𝑎 + 2𝑛𝑑

1 + 2𝑑
< p < 𝑛, 𝑝 > √(2𝑛 + 1)𝑑 

Do   not   divide 𝑇2𝑛 (a, d)  

Then according to the lemma 2, and   for 𝜉 → +∞ 

We have: 
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𝜑n(𝑎, 𝑑) ≤ ∏ (

𝑝≤√(2𝑛+1)𝑑

2𝑛 + 1)𝑑 ∏ 𝑝

√(2𝑛+1)𝑑<𝑝≤
𝑎+2𝑛𝑑
1+2𝑑

,𝑝≡a 𝑚𝑜𝑑(𝑑)

∏ 𝑝

𝑎+(𝑛+1)𝑑≤𝑝≤𝑎+2𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑 (𝑑)

≤ ((2𝑛 + 1)𝑑)√(2𝑛+1)𝑑 ∏ 𝑝

𝑝≤
𝑎+2𝑛𝑑
1+2𝑑

,𝑝≡𝑎 𝑚𝑜𝑑(𝑑 )

∏ 𝑝

𝑎+(𝑛+1)𝑑≤𝑝≤𝑎+2𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝛼
𝑎+2𝑛𝑑
1+2𝑑

⋅
1

𝑑−1
+𝑜(𝑛) ∏ 𝑝

𝑎+(𝑛+1)𝑑≤𝑝≤𝑎+2𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

= 𝛼
2𝑑

(𝑑−1)(2𝑑+1)
𝑛+𝑜(𝑛)

∏ 𝑝

𝑎+(𝑛+1)𝑑≤𝑝≤𝑎+2𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

.

 

According to (1.7), we get 

∏ 𝑝

𝑎+(𝑛+1)𝑑≤𝑝≤𝑎+2𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≥ 𝛼
(1−2 𝜎−

2𝑑
(𝑑−1)(2𝑑+1)

)𝑛+𝑜(𝑛)
. 

Let n big enough, we pose: 

𝑎 + 𝑛𝑑 ≤  𝜉 < 𝑎 + (𝑛 + 1)𝑑 

Since, 𝑎 + 2𝑛𝑑 ≤ 2(𝑎 + 𝑛𝑑) ≤ 2𝜉Then there is a prime number 𝑝 ≡ 𝑎 𝑚𝑜𝑑(𝑑)  such that 𝜉 <  𝑝 ≤ 2 𝜉  

Theorem 8: For  𝜉 ≥ 1 we have: 

∏ 𝑝

𝑝≤ 𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝑑  𝜉 (𝛼(𝑑))
𝜉

𝜉−1 . 

Proof; 

We have: 

𝑎 + (𝑘 − 1)𝑑 ≤ 𝑘𝑑,    ∀𝑘 ∈ {1,2, . . . , 𝑛} 

By (1.2) we get: 

𝑞𝑛 (𝑎, 𝑑) ≤
∏ 𝑝

(
𝑛−1
𝑝−1

)
𝑝/𝑑 ∏ (kd𝑛

𝑘=1 )

𝑛!
= 𝑑𝑛(∏ 𝑝

1
𝑝−1

𝑝/𝑑

)𝑛−1 

We have, the prime number  𝑝 ≡ 𝑎  𝑚𝑜𝑑(𝑑)  with 𝑛 < 𝑝 < 𝑎 + 𝑛𝑑   divides 𝑞𝑛(𝑎, 𝑑)  then: 

 

                                                           ∏ 𝑝𝑛<𝑝<𝑎+𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑) ≤ 𝑑𝑛 𝛿𝑛−1 
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𝑤ℎ𝑒𝑟𝑒  𝛿 = 𝛿(𝑑) =
1

𝑑
𝛼(𝑑). 

We pose:{η } = the smallest integer ≥ η . 

Let,  𝑛1 = {
𝑛

𝑑
} , 𝑛2 = {

𝑛

𝑑2} ,...., 𝑛𝑟 = {
n

𝑑𝑟} = 1 , With 𝑑𝑟 < 𝑛 ≤ 𝑑𝑟+1 

We have: 

𝑎 + 𝑛𝑟+1𝑑 ≥ 1 + 𝑛𝑘+1𝑑 ≥ 1 +
𝑛

𝑑𝑟+1
⋅ 𝑑 = 1 +

𝑛

𝑑𝑟
> 𝑛𝑟 

 

       (𝑘 = 0,1, . . . , 𝑟, 𝑛0 = 𝑛). 

And also  𝑛𝑘+1 < 𝑛𝑘  𝑤e find 

∏ 𝑝

𝑝<𝑎+𝑛𝑑,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝑑𝑛+𝑛1+𝑛2+...+𝑛𝑟  𝛿𝑛1+𝑛2+...+𝑛𝑟−𝑟−1. 

On the other hand 𝑛 = 𝐸(
𝑛

𝑑𝑘)𝑑𝑘 + 𝑞, 1 ≤ 𝑞 < 𝑑𝑘 , ∀𝑘 < 𝑟 

⇒ 𝐸(
𝑛

𝑑𝑟
) ≤

𝑛 − 1

𝑑𝑘
. 

⇒ 𝑛𝑘 ≤
𝑛 − 1

𝑑𝑘
+ 1 =

𝑛 + 𝑑𝑘 − 1

𝑑𝑘
 

 If  
𝑛

𝑑𝑘 = 𝐸 (
n

𝑑𝑘) ⇒ 𝑛𝑘 =
𝑛

𝑑𝑘 ≤
𝑛+𝑑𝑟−1

𝑑𝑟  ; 

We have: 

𝑛 + 𝑛1 + 𝑛2+. . . +𝑛𝑟 ≤ 𝑛 +
𝑛 + 𝑑 − 1

𝑑
+

𝑛 + 𝑑2 − 1

𝑑2
+. . . . +

𝑛 + 𝑑𝑟 − 1

𝑑𝑟

= (𝑛 − 1)(1 +
1

𝑑
+

1

𝑑2
+. . . . . +

1

𝑑𝑟
) + (𝑟 + 1)

<
(𝑛 − 1)𝑑

𝑑 − 1
+ 𝑟 + 1.

 

Then  

∏ 𝑝

𝑝<𝑎+nd,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝑑
(𝑛−1)𝑑

𝑑−1 ⋅ 𝑑𝑟+1 ⋅ 𝛿
(𝑛−1)𝑑

𝑑−1

= 𝛼
(𝑛−1)𝑑

𝑑 ⋅ 𝑑𝑟 ⋅ d

≤ 𝛼
(𝑛−1)𝑑

𝑑−1 ⋅ 𝑛𝑑.
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Let  𝜉 ≥ 𝑎 there exists 𝑛 such that 𝑎 + 𝑛𝑑 ≤  𝜉 < 𝑎 + (𝑛 + 1)𝑑 

⇒ 𝑛𝑑 <  𝜉. 

Then  

∏ 𝑝

𝑝≤ 𝜉,𝑝≡𝑎 𝑚𝑜𝑑(𝑑)

≤ 𝑑  𝜉 𝛼
𝜉

𝑑−1 . 

But this is verify for 𝜉 < 𝑎.▫ 

Main results 

Circle 𝑥2 + 𝑦2 = n! doesn’t hit any lattice point any, except for: n = 0, 1, 2 and 6. 

Theorem 9:   For  𝜉 ≥ 7 there is a prime number  𝑝 ≡ 3  𝑚𝑜𝑑 4  such that: 

                                                            𝜉 < 𝑝 ≤ 2𝜉. 

Proof: 

We have: 

7,  11,  19,31 ,59 ,107 ,211  

419 ,827 ,1627 ,3251 ,6491 , 

Let 𝑃𝑛 = 𝑃𝑛(3,4)  𝑃𝑛
′ = 𝑃𝑛(1,4) 

 

We pose: 

𝛷𝑛 =
𝑃2𝑛

𝑃𝑛𝑃
𝐸(

2𝑛
3

)

′ . 

And, 𝛼 = 2 × 4 = 8 

By   (1.4), we find: 

𝛷𝑛 ≥
82𝑛

(𝑛 + 1)(𝐸(
2𝑛
3

) + 1)8𝑛+𝐸(
2𝑛
3

)

≥ (𝑛 + 1)−1(𝐸(
2𝑛

3
) + 1)−182𝑛−𝑛−𝐸(

2𝑛
3

)

≥ 3(𝑛 + 1)−1(2𝑛 + 3)−18
𝑛
3 = 3(𝑛 + 1)−1(2𝑛 + 3)−12𝑛 .
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Let 𝑛 ≥ 81 then    2√2𝑛 + 1 < 4√n <
4𝑛

9
<

8

17
𝑛 

By the lemma 3, we have  

For   n< 𝑝 < 3 + (𝑛 + 1)4 = 7 + 4𝑛  and  𝑝/𝑃𝑛 

For
3+8𝑛

  1+2×4
=

3+8𝑛

9
< 𝑝 ≤ 𝑛,  𝑝 does not divides 𝑃2𝑛  

For   𝐸(
2𝑛

3
) < 𝑝 <

3+8𝑛

9
(because

1+4(𝐸(
2𝑛

3
)+1)

3
>

1+(
2𝑛

3
)×4

3
=

3+8𝑛

9
),  𝑝/P

𝐸(
2n

3
)

′  

For   
n

2
< 𝑝 < 𝐸(

2𝑛

3
)(because 𝐸(

2

3
) ≤

2

3
<

3+4(𝑛+1)

1+4
=

7+4𝑛

5
), 𝑝/𝑃𝑛. 

For   
3+8𝑛

17
< 𝑝 <

n

2
 , 𝑝 does not divides  𝑃2𝑛  

 

Then for   
3+8𝑛

17
< 𝑝 < 4𝑛 + 7 , 𝑝 does not divide𝑠  𝛷𝑛   

According to Lemmas   2 and 5, we get: 

𝛷𝑛 ≤ ∏ 4

𝑝≤√4(2𝑛+1)

(2𝑛 + 1) ∏ 𝑝

𝑝≤
8

17
(𝑛+1),𝑝≡3 𝑚𝑜𝑑 4

∏ 𝑝

4𝑛+7≤𝑝≤8𝑛+3,𝑝≡3 𝑚𝑜𝑑4

. 

On the other hand: 

∏ 4

𝑝≤√4(2𝑛+1)

(2𝑛 + 1) = (8𝑛 + 4)𝜋(√8𝑛+4  ), 

𝑤ℎ𝑒𝑟𝑒 𝜋(√8n + 1) = 𝑡ℎ𝑒  𝑛𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑝𝑟𝑖𝑚𝑒  𝑛𝑢𝑚𝑏𝑒𝑟𝑠 ≤ √8n + 4. 

By the theorem 8: 

∏ 𝑝

𝑝≤
8

17
(𝑛+1),𝑝≡3 𝑚𝑜𝑑 4

≤
32

17
(𝑛 + 1)8

8
3×17

(𝑛+1) < (𝑛 + 1)2
8𝑛+25

17 . 

Then: 

∏ p

4𝑛+7≤𝑝≤8𝑛+3,𝑝≡3 𝑚𝑜𝑑 4

≥ 2
9𝑛−25

17 3(𝑛 + 1)−2(2𝑛 + 3)−1(8𝑛 + 4)−𝜋(√8𝑛+4). 

If the product is empty, then: 



American Academic Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) - Volume 104, No  1, pp 193-211 

 

205 
 

2
9𝑛−25

17 ≤
1

3
(𝑛 + 1)2(2𝑛 + 3)(8𝑛 + 1)π(√8𝑛+4)

= (𝑛 + 1)2(
2𝑛

3
+ 1)(8𝑛 + 4)π(√8𝑛+4)

< (𝑛 + 1)3(8𝑛 + 4)𝜋(√8𝑛+4)

< (2𝑛 + 1)3(8𝑛 + 4)𝜋(8𝑛+4)

= 2−6(8𝑛 + 4)3+𝜋(√8𝑛+4).

 

So: 

2
9𝑛+77

17 < (8𝑛 + 4)3+𝜋(√8𝑛+4)      (∗) 

For   𝑛 ≥ 4 (∗) ⇒ 2
9

17
𝑛 < (9𝑛)3+𝜋(√9𝑛)  

But for 𝜇 > 63  we have: 

𝜋(𝜇) <
𝜇

3
− 3 

Then we get 

𝐹𝑜𝑟(𝑛 > 441)  , 2
9

17
𝑛 < (9𝑛)√𝑛;   because (  3√𝑛 > 63 ) 

On the other hand: 

2𝑥 > 2 + 2𝑥,  ∀𝑥 > 3 

We find  2 √𝑛6
≥ 2𝐸( √𝑛6 ) ≥ 2 + 2𝐸( √𝑛6 ) > 2 √𝑛6

     pour (  𝑛 > 729) 

𝑇ℎ𝑒𝑛 ;  𝑓𝑜𝑟 𝑛 > 729,  2(6 √𝑛6 ) > 64𝑛 > 9𝑛. 

So 

(∗) ⇒ 2
9

17
𝑛 < 26⋅𝑛

2
3 , 

⇒ 9𝑛 < 102 ⋅ 𝑛
2
3, 

⇒ 𝑛
1
3 <

102

9
 

It deduces that  for  𝑛 > 1460  then there exists 𝑝 ≡ 3 𝑚𝑜𝑑 4 such that: 

4𝑛 + 7 ≤ 𝑝 ≤ 8𝑛 + 3 
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We  pose   4𝑛 + 3 ≤ 𝜉 < 4𝑛 + 7 , then ∃𝑝 ≡ 3 𝑚𝑜𝑑4 such that: 

𝜉 < 𝑝 ≤ 2𝜉. 

Conclusion: for𝜉 ≥ 5850, ∃𝑝 ≡ 3 𝑚𝑜𝑑4, such that: 

𝜉 < 𝑝 ≤ 2𝜉. 

Theorem10:  Let 𝑛 be a positive integer the following equation: 

                                                   𝑥2 + 𝑦2 = 𝑛!, (𝑥, 𝑦) ∈ 𝑍 × 𝑍,          (I) 

 Does not admit a solution except the, 𝑛 = 0 ,1,2, 6. 

Proof: 

If 𝑛 ≥ 7, by theorem 9, there exists a prime  𝑝 ≡ 3 𝑚𝑜𝑑 4  such that 

𝑛

2
< 𝑝 ≤ 𝑛. 

Then the equation (I) does not admit a solution 

If 𝑛 = 6  ⇒ 𝑛! = 6 × 5 × 4 × 3 × 2 = (12)2 × 5 

The equation (I)  ⇔ (
𝑥

12
)2 + (

𝑦

12
)2 = 5. 

Since  5 = 1 + 4  by Fermat’s theorem on sums of two squares,  The equation (I) has solutions given by 

𝑆 = {(12,24), (−24,12), (−12, −24), (24, −12)}. 

If  𝑛 = 5  ⇒ 𝑛! = 5 × 4 × 3 × 2 

The equation (I) ⇔ (
𝑥+𝑦

4
)2 + (

𝑥−𝑦

4
)2 = 15 

Since 15 = 3 + 2 × 4, by Fermats theorem on sums of two squares, then the equation (I) does not admit a 

solution. 

If 𝑛 = 4, ⇒ 𝑛! = 4 × 3 × 2. 

The equation (I)   ⇔  (
𝑥+𝑦

4
)2 + (

𝑥−𝑦

4
)2 = 3; 

By Fermat’s theorem on sums of two squares, the equation does not admit a solution. 
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If n = 3  ⇒ 𝑛! = 3 × 2 

The equation (𝐼)   ⇔ (
𝑥+𝑦

2
)2 + (

𝑥−𝑦

2
)2 = 3; 

By the theorem (4.1), the equation (I) does not admit a solution. 

If n = 2  ⇒ 𝑛! = 2 = 12 + 12 

by Fermat’s theorem on sums of two squares, the equation (I) has solutions given by 

𝑆 = {(1,1), (−1,1), (−1, −1), (1, −1)}. 

If 𝑛 = 1  or  𝑛 = 0 ⇒ 𝑛! = 1 = 12 + 02 

by Fermat’s theorem on sums of two squares, the equation  (𝐼)  has solutions given by 

𝑆 = {(1,0), (0,1), (−1,0), (−1,0)} 

4.The formula for 𝝅 by number theory 

Theorem 11:  Let   𝑁 ∈ ℕ  the non-principe Diriclet character module 4, definied as:  

                           𝜒(𝑑) = {

 1  𝑖𝑓 𝑑 ≡ 1(𝑚𝑜𝑑4)
−1 𝑖𝑓 𝑑 ≡ 3(𝑚𝑜𝑑4)

0  𝑖𝑓 𝑑 𝑖𝑠 𝑒𝑣𝑒𝑛
  

Then, we have: 

1)the total number of lattices in the circle of radius  𝑟 = √𝑁, is equal  ∑ ∑ 𝜒𝑑/𝑛
𝑁
𝑛=1 (𝑑)  

2) The formula of  𝜋 by number theory is given by: 

                        𝜋 = lim
𝑁→+∞

4

𝑁
(∑ ∑ 𝜒𝑑|𝑛

𝑁
𝑛=1 (𝑑)) = 4 (1 −

1

3
+

1

5
−

1

7
⋅⋅). 

Proof: 

Let (𝑁, 𝑛) ∈ ℕ^2  and (𝑎, 𝑏) ∈ ℕ^2  be such that,  𝑎2 + 𝑏2 = 𝑛 . 

Pose 𝑟2(𝑛) be the total number of pairs (a, b), such that 𝑎2 + 𝑏2 = 𝑛 

By Jacobi’s two-square theorem, we have: 

𝑟2(𝑛) = 4(𝑑1(𝑛) − 𝑑2(𝑛)). 



American Academic Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) - Volume 104, No  1, pp 193-211 

 

208 
 

Where 𝑑1(𝑛)  is the count of divisors  𝑑 ≡ 1(𝑚𝑜𝑑4)   and 𝑑2  is the count of divisors  𝑑 ≡ 3(𝑚𝑜𝑑4) . 

Using the definition of the symbol𝜒,  we find  

𝑟2(𝑛) = 4 ∑ 𝜒

𝑑/𝑛

(𝑑). 

Which implies deducing the total number of lattices, in the circle of radius  𝑟 = √𝑁 is equal: 

∑ 𝑟2

N

𝑛=1

(𝑛) = 4 ∑ ∑ 𝜒

𝑑|𝑛

𝑁

𝑛=1

(𝑑). 

Moreover: 

4 ∑ ∑ 𝜒

𝑑|𝑛

N

𝑛=1

(d) = 4 ∑ ∑ 𝜒(𝑑)

⌊
N
𝑑

⌋

𝑘=1

𝑁

𝑑=1

= 4 ∑ 𝜒

𝑁

𝑑=1

(d)⌊
N

𝑑
⌋.

 

Using the property that: 

𝑁

𝑑
− 1 < ⌊

𝑁

𝑑
⌋ ≤

𝑁

𝑑
 

Then: 

∑
𝑁𝜒(𝑑)

𝑑
1≤𝑑=4𝑘+1≤𝑁

− ∑ 𝜒

1≤d=4𝑘+1≤𝑁

(𝑑) < ∑ 𝜒

1≤𝑑=4𝑘+1≤𝑁

(𝑑) ⌊
𝑁

𝑑
⌋ ≤ ∑

𝑁

𝑑
1≤𝑑=4𝑘+1≤𝑁

𝜒(𝑑) (1) 

Similarly, we find: 

∑
N

𝑑
3≤𝑑=4𝑘+3≤𝑁

𝜒(𝑑) ≤ ∑ 𝜒

3≤𝑑=4𝑘+3≤𝑁

(𝑑) ⌊
𝑁

𝑑
⌋ < ∑

𝑁𝜒(𝑑)

𝑑
3≤𝑑=4𝑘+3≤𝑁

− ∑ 𝜒

3≤𝑑=4𝑘+3≤𝑁

(𝑑)  (2) 

From (1) and (2), we find: 

∑
𝑁𝜒(𝑑)

𝑑

𝑁

𝑑=1

− ∑ 𝜒

1≤𝑑=4𝑘+1≤𝑁

(𝑑) ≤ ∑ 𝜒

𝑁

𝑑=1

(𝑑)⌊
𝑁

𝑑
⌋ ≤ ∑

𝑁𝜒(d)

𝑑

𝑁

𝑑=1

− ∑ 𝜒

3≤𝑑=4𝑘+3≤𝑁

(𝑑) 

Using  Chebyshev’s   theorem(1850 − 1851): there exist positive constants 𝑐1 and 𝑐2 such that for sufficienty  

large 𝑁; 
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𝑐1

𝑁

log𝑁
≤ 𝜋(𝑁) ≤ 𝑐2

𝑁

log𝑁
 

We find: 

− ∑ 𝜒(𝑑) ≤

3≤𝑑=4𝑘+3≤𝑁

π(N) 

And, 

−𝜋(𝑁) ≤ − ∑ 𝜒

1≤𝑑=4𝑘+1≤𝑁

(𝑑) 

Which implies that we have: 

 

𝑁 ∑
𝜒(𝑑)

𝑑

𝑁

𝑑=1

− 𝑐2

𝑁

log𝑁
≤ ∑ 𝜒

𝑁

𝑑=1

(𝑑)⌊
𝑁

𝑑
⌋ ≤ 𝑁 ∑

𝜒(𝑑)

𝑑

𝑁

𝑑=1

+ 𝑐2

𝑁

logN
 

Then  

∑
𝜒(𝑑)

𝑑

𝑁

𝑑=1

−
𝑐2

log𝑁
≤

1

𝑁
∑ 𝜒

𝑁

𝑑=1

(𝑑)⌊
𝑁

𝑑
⌋ ≤ ∑

𝜒(𝑑)

𝑑

𝑁

𝑑=1

+
𝑐2

log𝑁
 

When 𝑁 → +∞ we obtain: 

lim
𝑁→+∞

1

𝑁
∑ 𝜒

𝑁

𝑑=1

(𝑑)⌊
𝑁

𝑑
⌋ = lim

𝑁→+∞
∑

𝜒(𝑑)

𝑑

𝑁

𝑑=1

 

That the number of lattices in the circle (of radius, 𝑟 = √𝑁) = πN 

Which implies:  

𝜋 = lim
𝑁→+∞

4

𝑁
∑ ∑ 𝜒(𝑑)

𝑑|n

𝑁

𝑑=1

= lim
𝑁→+∞

∑
𝜒(𝑑)

𝑑

𝑁

𝑁=1

= 4 ∑
(−1)𝑘

2𝑘 + 1

+∞

𝑘=0

= 4(1 −
1

3
+

1

5
−

1

7
⋅⋅⋅).
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5.Conclusion 

 This article consists of two parts. 

Part one:  We solve equation  𝑥2 + 𝑦2 = 𝑛! , starting with the stages this type of equation has gone through 

from the eras of Fermat and Euler up to the present day. 

Then, we introduce some technical lemmas and Theorems from reference [F]—originally in German, but 

translated here into English for the reader's convenience—that will be utilized to prove our results, and finally, 

we present our main findings: 

1- Theorem 9: For  𝜉 ≥ 7  there is a prime number  𝑝 ≡ 3  𝑚𝑜𝑑 4 such that: 

                                                            𝜉 < 𝑝 ≤ 2𝜉. 

2-Theorem10:  Let 𝑛 be a positive integer the following equation: 

                                                   𝑥2 + 𝑦2 = 𝑛!, (𝑥, 𝑦) ∈ 𝑍 × 𝑍,          (I) 

 Does not admit a solution except the, 𝑛 = 0 ,1,2, 6. 

Part Two:  We determine the value of  𝜋  (famously known from Leibniz's series) using number theory 

techniques, through: 

Jacobi’s Two-Square Theorem (1829) 

Chebyshev’s theorem (1850 - 1851) 

Finally, we can go further and study the following equation; 

                                         𝑥4 + 𝑦4 = 𝑛!, (𝑥, 𝑦) ∈ 𝑍 × 𝑍,       (II) 

I think there are solutions for n = 0, 1, 2. 
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