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Abstract
In this paper, we are interested in studying the generalized Pythagorean equation:
x?+y? =n! ne N (xy)€Z2

Furthermore, the non-Principe Dirichlet character module 4, defined as follows:

—1 if d = 3(mod4)
0 if diseven

1 if d =1(mod4)
x(d) =

Using Jacobi’s Two-Square Theorem, we show that the total number of lattices in the circle of radius r = V/N is

equal;

Zi=1 Zapm X ().

Finally, Application: the formula for = by number theory is given by

—1'4N d)) =401 -2+1-2
w=Jim 5 Q@) =4a-g45-7)
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1.Introduction

Leonhard Euler announced his successful proof of Fermat’s theorem on sums of two squares, which states that
an odd prime p can be expressed as x2 + y? if and only if p = 1( mod 4) in 1749, Euler, in his proof, based on

the method of infinite descent, see [2,3,4].

Furthermore, for more details on Fermat's theorem on sums of two squares, see [5,6,9].
It is well-known that the general integer solution to t

he Pythagorean equation

Is, allowing an interchange of x and y:
x=m?—n? y=2nm, z=m?+n?

Properties of such triples, such as their connections to matrix generators and Fibonacci numbers, add to this

subjects mystique; see [1,9]. In this paper, let a, b be two integers such that:
a=0, a<b, d=2 and GCD(ab)=1.

p is a prime number. We then introduce the following notations B,(a, d), and g, (a,d) , which define by:

Mo " %0 [T7_y(a + ka)

P,(a,b) = — — (1.1)

And

n—1

Mo " =D [T2_, (a + (k — 1)d)

n(a,d) =2 — (1.2)

First, we show that B,(a, d) (given the condition GCD(a,b) = 1) is an integer. Let p be an arbitrary prime
number; We assume that the numerator and denominator of (1.1) be exactly divisible by the U, (n)-th and

V,(n) -th  powers of p , respectively; it is to be shown that Up(n)=Ve(n)
If p/d we have:
+00 +oo
Vo= Y EC) < ) o=~
F Lt T Lpt p-1

Then Vpo(n) < E(i) Which proves our claim for p/d.
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However, if pf d, then U, (n) is clearly equal to the number of factors of the second product divisible by p in the
numerator of (1.1), plus the number of factors of the same product divisible by p? plus etc. Now, the

congruence:
a+kd = 0mod(p") 1.3)

admits at least E(%) solutions for k in the considered interval 1 < k < n, since this interval contains many

complete systems of residues modulo p™; therefore, in this case:

Uz ) E (5) =V, (n)

We conclude that P,(a, b) is an integer number. Remarque: E(x) = |x], the entire part of x.

2.The expression of T,,(a, b)

Let, p,, P2, ..., Pr,Prime numbers < d that p, do not divide d.

The  numbers, ¢ , 9 , ., q, are given by the following condition:
nq, = amod (d), q; <d, (1=1,2,....,h).

We consider the expression:

P,(a,d)

T,(a,d) =

3.Some technical lemmas and Theorems
In this section, we will discuss some lemmas and theorems of technique.
Lemma 1: We have:

Pn(a, d) =« n+o(n)

1
Such that:a = a (d) = d [,/ PP
Proof:

We have:n =E(pnj)(p— D+r,r<p-2,(Gf n>p-1);

n
=n-(-2)<EG_Pr-1)
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On the other hand
kd <a+kd<(k+1dke{12,....,n}
_p=2 1 1
Then: [T,ap P-1(dIlp/ap?)" < Bi(a,d) < (n+ D@, /apP~D" . 1.4)

A In(n+1)
Wenotice: n+1=a Ina

Lemma 2:

Let p"»(™ be the highest power of p that divides the number P,(a, d), Then
p"r™ < (n+ 1)d

Proof:

We have W,(n) = Up(n) — Vp(n).

If t,r(n) is the number of congruence solution (1.3) in the interval, 1 < k < n.

And p does not-divide d then, W,,(n) = ${5{t,:(n) — E(%)} .

Letr, € N*, such that: p™ < a + nd < p™*?;

n
= E(I?) =t,r(n) =0,Vr >r,.

If r<ry, putk, =min{k, a +kd = 0mod(p")};
=>p"/(a+kyd+p"d),p"/(a+ kod +2p"d),..... 0" /(a+ kod + E(plr)prd).
then, tyr(n) < E(:—r) +1.

= W,(n) <.

If p/d

then,
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n
W, () = BG—) = Vp()

<E-EO}+ oy~ EC . +Hom — ECo)
A A O i IO

+o00
n
+ —
1
i=rp+1
+00
< n 1_ n 1
St Ly T
=1
<rn+t < +2< +1
T ——<1,+—-<r .
® “a+nd p—-1-"° 0

So:
pWr™ <po <a+nd < (n+1)d
Lemma3:Let n=d, p>.(n+1)d and,p = a mod(d).

If p belongs to an interval:

a+nd n

ka P =% (1.5)
Then, B,(a,d) is not divisible by p
If p belongs to an interval:

n a+(n+1)d

ol <P S T (L6
Then P,(a, d) is divisible by p .
Proof: We have p? > (n + 1)d > n, then:

E(:—z) = E(;—3)=....=0, and t,2(n) = t,3(n) =...= 0

On the other hand:

p>+vnd=d= GCD(p,d) =1.
Then p“e™ = t,(n) — E(%)

By (1.5) we have: k < g =>k< E(g).

Another: a + xd = 0 mod(d) (i.e) a + xd = py;
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p = amod(d) = py.
Since, GCD(p,d) = 1,= y =1 mod(d)
By (1.5), we find,; p(l+kd)>a+nd=>y<1+kd

= tp(n) < k , then pwp(”) =0
By (1.6) we have;

L<k+1EG) <k
p 12

Andp(l1+kd) <a+ (n+1),p(1+kd) =amod(d)
Then, p(l1+kd)<a+nd
On the other hand: p > d > a, and p = a mod(d)

p=a+d.

Then, p, p(1+4d), ... , P(1 + kd) are numbers of the form a + xd and each is divisible by p.
>t,(m) =k+1

= W,(n) = 1 and On the other hand, W,(n) < 1
So: W,(n) =1
Lemma 4: We have:

Tn(a, d) = g - ont+om)

or 0 = o(d) = Z %

p does not divide p p<d
Proof:

T (a,d) an—E(;—l)—E(;‘—2)—...—5(%)+o(n)
n 7]

n n
an—i—g—w&o(n)
a(l—a)n+o(n)

Lemma 5: (see [8])
Let n > d? then, T,,(a, b) is not divisible by any prime number p > ,/(n + 1)d for which p = a does not hold.

Theorem 6: For & = +co we have:
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g
P < (a(d)a-T®
p<é¢ ,p=a mod (d)

Proof;
Wepose: a+nd <é<a+(n+1)d

By the lemma 3, B,(a,d) divisible by the prime numbers,p = a mod(d) with, n<p <a+ (n+1)d

Then the prime numbers,p = a mod(d), with 2 < p < & divides P,(a,d) (because,n < f;—a < Z and é <a+
(n+ 1)d
Forn — +ooi.e £ - 400, and by the lemma 1, We have:
HING)
1_[ p < P,(a,d) = a™°M < qd™°®),
%Spsf,pza mod(d)
Then for e > 0 3&,(¢) such that V& > &,(€) we have:
l—I p < a§(1+€)
%spsf,pza mod(d) *
For everything, E=& () and reN such that: dfﬂ < &(e) < %
£
. —2(1+€)
We have: Hdi<ps§,pza mod(@) P < ad
£
I« p < q@F+o).

dr+1<psd—§r,p5a mod(d)

Then:

[ ¢
G+t A7) (1+€)
Hpsf,psa mod(d) p = Hpsfo,pza mod (d) p-a da? arti

&

——(1
HpsEO,PEa mod(d)P * (xd—1( +E)-

IA

Then, for £ > &, (€), we have:

¢

Hpsf,pza mod(d) b < aﬂ(H—ZE)-

IIPS p=a mod(d p a (l di] 0(%)
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_ 1 d _ 2d?-3d-1
Theorem7: If 0 < 2 T @D@aD - 2@-Dedn

For & sufficiently large enough, there exists a prime number p of the form a + kd, such that:
E<p <28

Proof:

We pose:

TZn (a' d)
P,(a,d)

¢n(a,d) =
By the lemma 1 and the lemma 4 with n big enough (n — +o0)
We have:

(Pn(a: d) — a(1—2cr)n+o(n).

For, n>d,? then by the lemma 5 ¢, (a,d) is not divisible by a prime number that does not satisfy p =

amod(d)andp >./(2n+ 1)d

By the lemma 3, the prime numbers p = a mod(d) with

n<p<a+(n+1)d andp>.(2n+1)d >./(n+ 1)d divides P, (a,d), while ¢, (a,d) is not divisible by
p(because: if @,(a,d) is divisible by p = p,,(a,d) is divisible by p? and p? > (2n+ 1)d ,contradiction).

By the lemma 3 the prime numbers p = a mod(d) with

+2nd
u<p<n,p>,/(2n+1)d

14+2d
Do not divide T,,(a,d)

Then according to the lemma 2, and for & — 400

We have:
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m@d) = || @n+nd [1 p p

p</(2n+1)d \/m<psa1_:_227:1d,pza mod(d) a+(n+1)dspsa+2nd,p=a mod (d)
< ((2n + 1)d) /@D [ p | p

p5a1++221:1d,p5a mod(d) a+(n+1)dsps<a+2nd,p=a mod(d)

a+2nd 1 T

< a 1+2d a-1tom p

a+(n+1)dspséi|—2nd,p5a mod (d)

2d
— q@DeEarnem p.
a+(n+1)dsps<a+2nd,p=a mod(d)
According to (1.7), we get
2d
p > 0((1_2 U_i(d—l)(2d+1))n+o(n).

a+(n+1)d<ps<a+2nd,p=a mod(d)
Let n big enough, we pose:
a+nd < é<a+n+1)d
Since, a + 2nd < 2(a + nd) < 2&Then there is a prime number p = a mod(d) suchthaté < p <2¢

Theorem 8: For & = 1 we have:

£
p<dé(a(d).

ps §,p=a mod(d)
Proof;
We have:
a+(k—-1)d<kd, Vke{l2...,n}

By (1.2) we get:

G0 Ty, (kd 1
a.(a,d) < [lpap [1x-1(kd) _ dn(l_[ pp-Tyn-1

n!
p/d

We have, the prime number p=a mod(d) with n<p<a+nd divides gq,(a,d) then:

-1
Hn<p<a+nd,pza mod(d) p <d"é"
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1
where 6§ = 6(d) = Ea(d).

We pose:{r } = the smallest integer > 7 .

n

Let, n = {3} , n, = (3} n={7}=1 , With d'<n<d*!

We have:

n n
d=1+—

a+nr+1le+nk+1dZ1+dr+1 T

> n,

(k=0,1,...,7,ny = n).
And also n,,, <n, wefind

p < dn+n1+n2+...+nr 5n1+n2+...+nr—r—1

p<a+nd,p=a mod (d)
On the other hand n = E(-p)d* + ¢, 1< q < d*, vk <r

n—1
L

n

We have:
n+d—-1 n+d*’-1 n+d —1
nAM Rt AN, S bk
= D1+ ! + ! + + ! +(r+1
= (n )( PRIPTREEE dT) (r )
< (n-Dd 1
i-1 r .
Then
(n—-1)d (n—-1)d
p < dad1 -d".§ a1
p<a+nd,p=a mod(d)
(n—-1)d
= a d -d"-d
(n—-1)d
< a d-1 -nd.
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Let £ > athereexistsnsuchthata+nd < ¢ <a+ (n+1)d

=>nd < ¢.

Then

p<é,p=amod(d)

But this is verify for ¢ < a.=

Main results

Circle x? + y? = n! doesn’t hit any lattice point any, except for:n =0, 1, 2 and 6.

Theorem 9: For ¢ > 7 there is a prime number p = 3 mod 4 such that:

E<p <28

Proof:

We have:

7, 11, 19,31 ,59,107 ,211

419,827 1627 ,3251,6491,
Let P, = P,(3,4) P, = P,(1,4)

We pose:
PZn
D, =—
P"PE(%")
And, a =2X4=

By (1.4), we find:

82n
"o (n+ DEEY + 8™
> (n+ 1)‘1(]5(2?71) + 1)—182n—n—5(%”)
> 3(n+1)"1(2n+3)7185 = 3(n + 1)~ (2n + 3)~12".
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Letn > 81then 2v2n+1 <4\/_<—<—n

By the lemma 3, we have

For n<Kp<3+(n+1)4=7+4n and p/PB,

3+8n _ 3+8n
14+2x4 9

< p <n, pdoesnot divides P,,

2n 2n
14+4(E(5)+1) 1+ () x4
3+8n > (because > 2

For E(z?n) <p< 3+8TL) /P (Zn)

3

3+4(n+1) 7+4n)

For - < p < E(—)(because E( ) <2 <" .

' P/ B

For 22 <y < —, p does not divides P,,

3+8n

Then for —— < p <4n+ 7, p does not divides &,

According to Lemmas 2 and 5, we get:

o, < || 4@+ [ p [1 .

p</4(2n+1) ps%(n+1),p53 mod 4 AMT7<p<8n+3,p=3 mod4

On the other hand:
H 4(2n+1) = (8n + 4)m/EnT),
ps{4(2n+1)
where m(v8n + 1) = the number of prime numbers < V8n + 4.
By the theorem 8:
32 +1 8n+25
1_[ p<m(n+ 1)83x17(" )< (n+1)2 17 .
ps%(n+ 1),p=3 mod 4
Then:

In-25
p=2 17 3(n+1)2(2n+3)"1(8n+ 4) WERED,

4n+7<p<8n+3,p=3 mod 4

If the product is empty, then:

204



American Academic Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) - Volume 104, No 1, pp 193-211

In-25

2717

IA

1
3 (n+ 1)?(2n + 3)(8n + 1)"WE+D

2
(n+ 1)2(?" +1)(8n + 4)"ETD

(n+ 1)3(8n + 4)"(EFD
(2n+ 1)3(8n + 4)™E+D
2_6(87’1 + 4)3+n'(x/8n+4).

VANVAN

So:

n+77

2717 < (8n + 4)3+n(Ven+e) )

9
For n>4 (*) S22t < (gn)3+n(\/fﬁ)

But for u > 63 we have:
nw <5-3
3
Then we get

9
For(n > 441) , 217" < (9n)V; because ( 3vn > 63
On the other hand:

2*>2+2x, Vx> 3
We find 2% > 263 > 2 4 2E(Yn) > 2%/n  pour ( n > 729)

Then; forn > 729, 26% > 64n > 9n.

So

9 2
(*) = 217" < 267M3

2
=>9In<102-ns3,
. 1 < 102
ST
It deduces that for n > 1460 then there exists p = 3 mod 4 such that:

4n+7<p<8n+3
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We pose 4n+3 <& <4n+7,then Ip = 3 mod4 such that:

E<p <28
Conclusion: foré = 5850, 3p = 3 mod4, such that:
E<p <28
Theorem10: Let n be a positive integer the following equation:
x2+y2=nl, (x,y)€ZXZ, 0}
Does not admit a solution except the, n = 0,1,2, 6.

Proof:

If n = 7, by theorem 9, there exists a prime p = 3 mod 4 such that

g<pSn

Then the equation (1) does not admit a solution

fn=6 >nl=6x5x4x3x2=(12)2x5

The equation (I) < (1"—2)2 + (%)2 =5,

Since 5 =144 by Fermat’s theorem on sums of two squares, The equation (l) has solutions given by
S ={(12,24),(—24,12),(—12,—24),(24,—12)}.

fn=5=>n=5x4x3x2

The equation (1) & (%)2 + (%)2 =15

Since 15 = 3 + 2 X 4, by Fermats theorem on sums of two squares, then the equation (I) does not admit a
solution.
fn=4=>n"=4x3x2.

The equation (I) & ("JrTy)2 + (5D =3;

By Fermat’s theorem on sums of two squares, the equation does not admit a solution.
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fn=3=n=3x%x2

The equation (I) & (%)2 +(5D2=3;

By the theorem (4.1), the equation (I) does not admit a solution.

fn=2=n=2=1%+12

by Fermat’s theorem on sums of two squares, the equation (1) has solutions given by
S={(1,1),(-1,1),(-1,-1),(1,-D}.

fn=1lorn=0>n!=1=12+ 0?2

by Fermat’s theorem on sums of two squares, the equation (I) has solutions given by

§ ={(1,0),(0,1),(=1,0),(=1,0)}
4.The formula for by number theory
Theorem 11: Let N € N the non-principe Diriclet character module 4, definied as:

1if d=1(mod4)
x(d)=<{-1if d=3(mod4)
0 if diseven

Then, we have:
1)the total number of lattices in the circle of radius r = VN, is equal ¥N_; ¥4/, x (d)

2) The formula of 7 by number theory is given by:

= TIim 2(sN — 1,1 1
= N1—1>r+nooN (Zn:l Zd'"X(d)) =4 (1 st T3 )
Proof:
Let (N,n) € N*2 and (a,b) € N*2 be such that, a’+b?=n

Pose 1, (1) be the total number of pairs (a, b), such that a® + b2 = n

By Jacobi’s two-square theorem, we have:

r,(n) = 4(d;,(n) — d,(n)).
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Where d,(n) is the count of divisors d = 1(mod4) and d, is the count of divisors d = 3(mod4).
Using the definition of the symboly, we find

r) =4 x(d.

d/n

Which implies deducing the total number of lattices, in the circle of radius r = V/N is equal:

EN:rz () =4§N:Zx<d).

n=1 n=1d|n

Moreover:

4zN:Zx(d)

n=1d|n d=1k=1

I

P

g
X

I
S
=
YamY
(oW
p—

&l

Using the property that:

Then:

N)(éd)_ z ¥ (d) < Z X(d)[gjs Z gx(d) €Y

1sd=4k+1<N 1<d=4k+1=<N 1=d=4k+1=<N 1<d=4k+1<N

Similarly, we find:

S o Nas Y ey Y ¥DN e o

3<d=4k+3=<N 32d=4k+3=<N 3=<d=4k+3=<N 3<d=4k+3=<N

From (1) and (2), we find:
& Nx(d C N~ Nx(d
PR x(d)ﬁZﬂx(d)lEJsZ%— > x@

d=1 1<d=4k+1=sN a=1 3<d=4k+3=<N

Using Chebyshev’s theorem(1850 — 1851): there exist positive constants ¢; and c, such that for sufficienty
large N;
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—< <
“ logN — niN) < logN
We find:
- > x@=m)
3<d=4k+3<N
And,

- ) x@

1=d=4k+1<N

Which implies that we have:

N N
x(d) N x(d) N
L7 < | < L7 -
Nz d zlogN_ZX(d)ldJ_N d ' “logN
d=1 d=1 d=1
Then
- 1(d) C N o x(d)
X Cy X G
~ 7 < — —| < _
Z 4 logh SNl X@lgl= Z d " logh
d=1 d=1 d=1

When N — +o0 we obtain:

N N
.1 N . x(d)
Jim 5 0, @l1= Jim ) S
d=1 d=1
That the number of lattices in the circle (of radius, r = vVN) = nN

Which implies:
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5.Conclusion

This article consists of two parts.

Part one: We solve equation x2 + y? = n!, starting with the stages this type of equation has gone through

from the eras of Fermat and Euler up to the present day.

Then, we introduce some technical lemmas and Theorems from reference [F]—originally in German, but
translated here into English for the reader's convenience—that will be utilized to prove our results, and finally,

we present our main findings:
1- Theorem 9: For ¢ > 7 there is a prime number p = 3 mod 4 such that:
E<p< 28
2-Theorem10: Let n be a positive integer the following equation:
x2+y?=n!, (xy)€ZxZ, m

Does not admit a solution except the, n = 0,1,2, 6.

Part Two: We determine the value of = (famously known from Leibniz's series) using number theory

techniques, through:

Jacobi’s Two-Square Theorem (1829)

Chebyshev’s theorem (1850 - 1851)

Finally, we can go further and study the following equation;

xt+yt=nl, (y)ezxz, (Il

I think there are solutions forn =0, 1, 2.
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