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Abstract

In this article, Homotopy Perturbation Method (HPM) is used to provide two approximate solutions to the
nonlinear differential equation that describes the behaviour for the unsteady squeezing flow of a second grade
fluid between circular plates. Comparing results between approximate and numerical solutions shows that our

results are capable to provide an accurate solution and are extremely efficient.
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1. Introduction

According to the classification of Prandtl, the fluid motion is divided into two regions. The first, study the
region near the object where the effect of friction is important and is known as the boundary layer; while for the
second type, these effects can be neglected [1,2,3]. It is common to define the boundary layer as the region

where the fluid velocity parallel to the surface is less than 99% of the free stream velocity [1].

The boundary layer thickness & increases from the edge along the surface on which fluid moves. Even in the
case of a laminar flow, the exact solution of equations describing the laminar boundary layer is very difficult

and only few simple problems can be analysed easily [1,3].

An interesting case study is that of a squeezing flow between parallel plates. Although the studies of squeezing
flows have its origins in the 19 th century, at present it is an issue of considerable importance, due to the
practical applications in different areas such as physical, biophysical, and food industry among many others. Of
particular interest for fluid mechanics, are the polymer extrusion process modelled using squeezing flow of
viscous fluids [61]. Also the squeezing flow between parallel plates when the confining walls have a transverse
motion is of a great importance in hydrodynamic lubrication theory [62]. Despite the importance of these
processes, getting analytical approximate solutions is complicated, thus numerical solutions of squeezing flow
between parallel plates has been conducted by Verma [63] and later by Singh and his colleagues [64]. Therefore
in this article, two approximate solutions for the case of the squeezing flow of a fluid between circular plates are

obtained. In [4], may be found a detailed discussion of this topic.

Ji Huan He [5,6]; proposed the standard Homotopy Perturbation Method (HPM); it was introduced as a
powerful tool to approach various kinds of nonlinear problems. The HPM can be considered as combination of
the classical perturbation technique and the homotopy (whose origin is in the topology), but not restricted to the
limitations found in traditional perturbation methods. For instance, HPM method does need neither small

parameter nor linearization, just few iterations to obtain accurate results [5,6,20-31,33-38,41,47,48,50-55,58].

There are other modern alternatives to find approximate solutions to the differential equations that describe
some nonlinear problems such as those based on: variational approaches [7-9, 31], tanh method [10], exp-
function [11,12], Adomian’s decomposition method [13-18,42], parameter expansion [19], homotopy analysis
method [4,32,49], and perturbation method [56] among many others.

This paper is arranged as follows. Sections 2 provide the basis of HPM method. In Section 3, we introduce
governing equations. We present two approximate solutions of the fluid’s equation in Section 4. Comparisons

between the two methods are presented in Section 5. Finally, the conclusions will be presented in Section 6.
2. Basic concepts of HPM

To figure out how HPM method works, consider a general nonlinear equation in the form

A(U)— f(r)=0, reQ, )
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with the following boundary conditions
B(u,ou/on)=0, rel’, (2)

where A is a general differential operator, B is a boundary operator, f (r)a known analytical function and I"

is the domain boundary for €.

Also, A can be divided into two parts L and N , where L is linear and N nonlinear; from this last statement,

(1) can be rewritten as
Lu)+N@u)-f(r)=0, (3)
In a broad sense, a homotopy can be constructed in the form [5, 6]
H(v, p)= (1= pL(V) - LU+ pILV) +N(v) - T(N]=0, pe[01], req. @
or

H(v, p) = L(v) - L(Up) + p[L(Us) + N(V) - F(N]=0, pe[01], reQ. )

where p is a homotopy parameter, whose values are within range of 0 and 1, U, is the first approximation to the

solution of (3) that satisfies the boundary conditions.

Assuming that solution for (4) or (5) can be written as a power series of p .
V=V, +V,p+V,p° e+ (6)

Substituting (6) into (5) and equating identical powers of p terms, it is possible to obtain the values for the

sequence Uy, U, U,, ...
When p — 1, it yields in the approximate solution for (1) in the form
V=V, +V, +V, + V... ©)

Another way to build a homotopy, which is relevant for this paper, is by considering the following general

equation

L(v)+N(v)=0, (®)
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where L(V) and N(V) are the linear and no linear operators respectively. It is desired that solution for

L(v) =0 describes, accurately, the original nonlinear system.

By the homotopy technique, a homotopy is constructed as follows [28]
(1= p)L(v) + p[L(v) + N(V)] =0. )

Again, it is assumed that solution for (9) can be written in the form (6); thus taking the limit when p — Llresults

in the approximate solution of (8).
3. Mathematical Formulation

Consider a two dimensional squeezing flow of nonconducting, incompressible second grade fluid between two

circular plates. The instantaneous distance between the plates at any time s 2a(t). The central axis of the
channel is taken as the r-axis and z-axis is normal to it (see Fig. 1). The velocity components along the radial

u(r,z,t) v(r,z,t)

and axial directions are and respectively. The fluid is assumed to have densityp , kinematics

viscosity v, coefficient of viscosity M and material constants %+and %2 .

The relevant equations of motion for a homogeneous and incompressible second grade two dimensional

unsteady fluid, neglecting the thermal effects are [4].

+ V)

%

z ' P ' 2a(1)

u > : r =0
; =0

Figure 1: Geometry of the problem

a_u+£+@:0’ (10)
or r oz
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a_h+ [@_WQJ—_( +a gja_g_aw a_2+li+a_2 Q_g +(a +a) EM + Q_z
ar Pl %% ot o Trar o r U ez r )

oh ow oo Q 0 10 & Q 2 8(Qu)
—+p| —+UQ |=| pt+o,— || —+— |[+al| | 5 +——+— |Q— |-|a, + 22 (12
oz p(at j (ﬂ alatJ(ar rj % ([arz ror azzj rZ] (al (ZZ)Ur oz

ow ou
_ow_u 139
or oz
h_E(u W)+ p—al(w(5+Fj—u5jQ—z(3al+2a2)Al, (14)

and to simplify, we have defined

2 2 2 2
A&2=|:4(a—uj +4(@j +4(Ej +2[6‘_qu@) } (15)
or 0z r oz or

Eliminating h between (11) and (12) we obtain

0 o 10 & Q
t+to,— ||| —+——+— |Q—— |+ 16
('u 1&)([6# r or 8zzj rZJ (9
0 0 u o 10 & Q
G U—+W——— || —5+=—+— [Q—— |-
or oz r o ror oz r

2 2 2
2(a1+a2 62+£i+6—2 uQ+laQ :
r or ror oz 2 0z

The boundary conditions on u(r, z,t) and w(r, z,t) are given by

u(r,z,t)=0,w(r,z,t)=V(t) ,z=a,
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W(r,z,t)zo,wzo, z=a, (17)
z

where V =da(t)/dt denotes the velocity of the plates (see Fig. 1).

Introducing dimensionless variable77 = Z/ a(t) , equations (13), (10), and (16) adopt the form

m_ Mg (18)

or aon

M U, W (19)

or r aonm

Jo) a_Q+ Ui-f- i_g Q=
ot or aon r

( WQJ K N P A (20)
A5 W\ arr Trar a2 r2

0 0 u > 10 o Q
G U—+W——-r—— |l | —5+=—+— [Q—— |-
or aon r or° ror oz r

2 2 2
2| Lt % 62+£i+6_2 uQ+iaQ :
r or° ror oz 2a 0n

The boundary conditions on U(r,7,t) and W(r,7,t) are given by

u(r,n,t)=0,w(r,n,t)=V({t) ,n=1, (21)
W(r,n,t)=0,M=0,n=0- (22)
on
Defining the velocity components as [4], [64]:
(23)

_r , .
u :T(t)v(t)y (7). w=V(©)y(),

it follows that (18) takes the following form
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r
Q=—-V©1)Y'(n). 24
TOMCAL (24
The substitution of (22) and (23) into (19) and (20) yield
aV m 14 m a dV / dt 14
_(yy _2y -ny )+¥y =
v A%
iv a +a V ", m I ,iv (ZV v v iv a dV /dt iv
+M(2yy +yYy )+1—(W _py —ayr 2D j (25)
ua ua wW
where prime denotes differentiation with respect to7; .
The boundary conditions on Y(77) are deduced from (21), (22), and (23) so that
y@® =1, y'@®)=0,
y(0)=0,y"(0)=0 (26)
In order to obtain a similarity solution, we define
av g, (27)
14
2
a“(dv/dt) _ RQ, (28)
w
AV _w,, (29)
ua
aN _
L =W, (30)
for a similarity solution, R, , Q ,W,; andW,, are considered constants.
After integrating (27), we obtain
1/2 , (31)

a(t)= (Kt+ao)

where K and a, are constants; in particular 2a, denotes the initial separation between the
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plates.

From (27)-(31), it follows that Q = -1, and (25) becomes
y + K2y =L(y—-n)y"+M(n-y)y —NQy"y"+yy"), (32)

in the above equation we have defined

LR (33)

In this work, we will consider the following case for constants: K = 1732, L = 1, M

I
o

N = 0.05 as reported in [4].
4. Approximate solution for the unsteady squeezing flow of a second-grade fluid equation by using HPM.

In this section, we will employ two different variants of HPM formulation, to find two accurate approximate

solutions of (32), by using the first order approximation.
4.1 First HPM Approximation

Identifying the linear part as

1 =y"(n), (34)

and the nonlinear
n=K2y"(n) - L(y(m) —m)y" )+ NQ@y"()y" () +y'(1)y" (7)) . (35)

we construct a homotopy starting from (9), in the form
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@ p)y" (n)+ ply" ( )+K y'(n7)—L(y(m)-n)y"(n)

(36)
+N (Zyrr(n)ym( )
Then substituting (6) into (36), and equating terms having identical powers of p we obtain
P yg (7)=
P 1 =Lyo (Yo (7))+ Y2 () = M (yy (M) + Lin(ys () + My, () (ys @) (37)
+ 2N (Yo Y5 7))+ N (Yo )Y () + K2 (¥, (7))
In order to fulfill the boundary conditions from (26), it follows that

¥0(0) =0,Y5(0) =0, ¥,(1) =1, ¥5(1) = 0, and y,(0) =0, ¥/(0) =0, y, (1) =0, y;(1) = 0.

Thus, the results obtained from the above equations are

Vo= + D
0 277 277
1 7 1 2 1 3 5 1 2 11 3 3
S A 3 SV MO G S I A 3
1% 560 (40 80 20 j" ( 20" 560 10 }7 38)

(ot 3y),
40 112 20

By substituting solutions (38) into the first to terms of (6) and calculating the limit when p — 1, results in a

first order approximation.

y(17) = y,(7) + y,(17) = —0.615348n° +1.5585677 +0.00178577" +0.0557° (39)

4.2 Second HPM Approximation

Identifying the linear part as

L= y" () +K?y'(n), (40)

and the nonlinear

n=—L(y(7)~m)y" ()~ M- y@)y" (1) + Ny D)y o) + Y m)y" (), (41)

we construct a homotopy starting from (9), in the form

@- Py () + K2y () + p(y" () + K2y () = Ly () =) y" () + NQy" () y" () + Y’ () y" (7)) (42)

169



American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2017) Volume 27, No 1, pp 161-178

Substituting (6) into (42), and equating terms having identical powers of p we obtain

P’ y5 () + K2y, =0,
p* K2 (5 7))+ 2N (o ()N )+ N (v, () () @3)
+ v () + Ly, ()~ Ly, (n)ys (7))

In order to fulfill the boundary conditions from (26), it follows that

¥0(0) =0,¥5(0) =0,y,(1) =1y, () =0, and y,(0)=0,y;(0) =0, y,(1) =0, y;(1) =0. Then,

solving (43), results

Yo(17)= i +c,sin(Kn),

214 K“(cos(K)lK ~sin(K) [~ ¢, (cos(K )K —sin(K ))sin(2K7)

Y (77) =
+(2Ke, cos(2K ) — ¢, sin(2K )+ 6((~ Le, (7 — 2)( + 2)(¢, ~1)K?
—2¢,)sin(K )+ c,K3Lcos(K )7 —1)i7 +1)c, 1)K ?)sin(K7)

+30|(cos(K K —sin(K))(Le, (¢, ~1)K? — 2, Jcos(K7) (44)

~Lc cos(ZK)sm(K) ic cos( )sin(2K)
(Lc2 (c, ~K? —2¢, JK sin(K ) +cos(K )(Lc, (¢, ~1)K? - 2¢, Jsin(K )
cos(K (Lc2< DK 26K o

3 cos(K)K c = 1
Y cos(K)K —sin(K)" * cos(K)K —sin(K)’

¢, = LcZK® +3NCiK®, ¢, = Nc,K'c,

By substituting solutions (44) into (42) and calculating the limit when P — 1, results in a trigonometric first

order approximation.

y(17)=y,(17)+ y,(r) = —0.276576657 +1.367sin(1.73277) - 0.0218sin(3.4647)

- (45)
—0.45265677 cos(L.73277)—0.1541947377 sin(1.7327)
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5. Discussion

For comparison purposes we use the Fehlberg fourth-fifth order Runge-Kutta method with degree four

interpolant (RKF45) [65, 66] solution (built-in function of Maple software). In order to obtain a good numerical

reference the accuracy of RKF45 was set to an absolute error of 107" and relative error of10™° . Fig. 2(a) shows
the comparison between RKF45 numerical solution of (32) and approximations given by (39) and (45), obtained
by using HPM formulations (36) and (42), respectively. From Fig. 2(b) for absolute error (A.E), it is clear that
proposed approximations are in good agreement with RKF45. In fact, the bigger A.E. for (39) is 0.0016 and for
(45) is only 0.0004. On the other hand, Fig. 3(a) compares RKF45 numerical solution for Y'(77) and the
corresponding approximations obtained differentiating (39) and (45). Finally, from Fig. 3(b), we conclude that
A.E. is low for both cases, being it 0.006 for the derivative of (39) and less than 0.002 for the derivative of (45).
Although (32) was originally solved by HAM with good accuracy [4], the obtained results correspond to a 20-th
order approximation and therefore requiring more computational resources for practical use. In contrast (39) and
(45) are both, highly accurate and handy.

[— HPM-Polynomial © RKF45 »_ HPM-Trigonomentric

1+

0.8 I

(@)

—— HPM-Polynomial = - HPM-Trigonmmetric

0.6016+

L 66 T4

o0.6012

.6016

AE.

00008

0.0006-

L 004

0.6002

-

(b)

Figure 2: Approximate HPM solutions: polynomial (39) and trigonometric (45) and its error with respect to
RKF45
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— HPM - Polynomial © RKF45 HPM—Tn'gonomemd

0 0.2 0.4 0.6 0.8 7

(@)

— HPM-Polynomial — - HPM-Trigonometric

6.005

0.004

AE, 0.003

06.002

0.001

(b)

Figure 3: Approximate derivative of: polynomial (39) and trigonometric (45) and its error with respect to
RKF45.

6. Conclusion

An important task is to find analytic expressions that provide a good description of the solution to the nonlinear
differential equations like (32). For instance, the case of an unsteady squeezing flow between circular plates is
adequately described by our approximations given by (39) and (45) (see Fig. 2 and Fig. 3). A relevant fact of
HPM method is that even utilizing the first order approximation, we obtained highly precise solutions for (32).
Moreover, Figs. 2(b) and 3(b) for the absolute error show that the proposed solutions are highly accurate. In
contrast to RKF45 numerical solutions, HPM methods allow both quantitatively and qualitatively analyse the
solution. Therefore is expected that other problems in the field of fluid mechanics, described by nonlinear

differential equations can be solved in a similar way, following the techniques employed in this work.
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